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Abstract

We compare the approaches of E. Cartan and of T.Y. Thomas and J.H.C. Whitehead to the study of ‘projective connections’.
Although the quoted phrase has quite different meanings in the two contexts considered, we show that a class of projectively
equivalent symmetric affine connections – or, more generally, sprays – on a manifold (the latter meaning) gives rise, in a global
way, to a unique Cartan connection on a principal bundle over the manifold (the former meaning). The principal bundle on which
the Cartan connection is defined is itself a geometric object, and exists independently of any particular connection. In the course
of the discussion we derive a Cartan normal projective connection for a system of second-order ordinary differential equations
(extending the results of Cartan from a single equation to many) and we generalize the concept of a normal Thomas–Whitehead
connection from affine to general sprays.
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1. Introduction

In this paper we compare the approaches of E. Cartan on the one hand, and T.Y. Thomas and J.H.C. Whitehead
on the other, to the study of projective connections. There has recently been a resurgence of interest in both of these
approaches, with a view to applications and for purely mathematical reasons. Cartan’s approach to connection theory
and the equivalence of geometric structures has been found to be relevant to the programme of research in general
relativity which has been carried out over the last dozen years by Newman and his co-workers (see [12]). As a
consequence Cartan’s theory of projective connections has been subject to new scrutiny (see [19] and [20]). There are
also applications in the theory of projectively equivariant quantizations: see [14] and references therein. We should
also mention recent work on the geometrical study of differential equations using Cartan’s methods in [9,11,13]. The
approach of Thomas and Whitehead, on the other hand, has been discussed in [1], also from a relativistic perspective.
So far as purely mathematical interest in Cartan is concerned there is the book of Sharpe [23], and a considerable body
of work on so-called parabolic geometries, of which we take [2] as representative. A modern version of the method
used by Thomas and Whitehead, captured in the concept of a Thomas–Whitehead projective connection, has been
given by Roberts in [21] and developed in [15].

Elie Cartan’s paper on projective connections [3], published in 1924, was one of a series intended to extend the
idea of an affine connection as formulated by Levi-Civita and Weyl to a more general, non-vector, situation. Cartan
imagined, attached to each point of a manifold, a projective space of the same dimension, together with a mechanism
whereby the spaces at two neighbouring points could be ‘connected’. Such a connection would define geodesics as
those curves in the manifold which could be ‘developed’ into straight lines in the connected projective spaces.

A modern interpretation of Cartan’s idea can be found in the recent book by Sharpe [23]. According to Sharpe, the
fruitful way to view Cartan’s theory of connections is to think of it as a generalization of Klein’s concept of geometry.
In this approach, each ‘Cartan geometry’ is based upon a model geometry called a ‘Klein geometry’. A Klein geometry
is a homogeneous space G/H of a Lie group G; G itself is a principal H -bundle over G/H and comes equipped with
a g-valued 1-form (where g is the Lie algebra of G), its Maurer–Cartan form. A Cartan geometry on a manifold
M , corresponding to a Klein geometry for which G/H has the same dimension, is a principal H -bundle P → M
together with a g-valued 1-form ω on P with certain properties, which is called the ‘connection form’ and is intended
to generalize the Maurer–Cartan form. A construction of this kind is called a Cartan connection.

The concept of a Cartan connection can be reformulated in terms of objects defined locally on the base manifold
M . First, suppose given a principal bundle P and g-valued 1-form ω as described above; take a covering of M by
open sets {U } over each of which P is trivial, and for each U a local section κ of P|U → U ; then ωU = κ∗ω is a
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g-valued 1-form on U , and for any two sets U , V of the cover we have ωV = ad(h−1)ωU + h∗θ on U ∩ V , where
h : U ∩ V → H is the transition function for P and θ is the Maurer–Cartan form of H . The local section κ is called a
gauge, the local 1-form ωU the gauged connection form, and the relation between gauged connection forms the gauge
transformation rule. Conversely, given an open covering of M , for each member U of the covering a g-valued 1-form
ωU on U , and for each pair U , V of members of the covering with non-empty intersection a map h : U ∩ V → H
such that ωV = ad(h−1)ωU + h∗θ on U ∩ V , one can construct a principal H -bundle P → M of which the functions
h are the transition functions, and a g-valued 1-form ω on P of which the ωU are gauged representatives. It will be
important for us in our discussion of Cartan connections that one can pass at will between the global description and
the local, gauged, description.

Cartan connections differ in concept and in practice from the type of connection on a principal bundle introduced
in 1950 by Ehresmann. Ehresmann’s definition of a connection is based on the idea of parallel transport originally
formulated by Levi-Civita; on the face of it, there is no notion of parallelism associated with a Cartan projective
connection. The practical differences show up in the fact that the connection form of a Cartan connection takes its
values in g while that of an Ehresmann connection takes its values in the Lie algebra of H , the group of the principal
bundle.

The simpler of the two examples of Cartan connections that we will discuss is the Cartan projective connection
described in the first part of [3]. For a Cartan projective connection on an m-dimensional manifold the model geometry
is m-dimensional real projective space Pm . To realise this as a homogeneous space G/H we take for G the group of
projective transformations of Pm , which is PGL(m + 1), the quotient of GL(m + 1) by non-zero multiples of the
identity; and for H we take the subgroup Hm+1 ⊂ PGL(m + 1) which is the stabilizer of the point [1, 0, . . . , 0] ∈ Pm .

Cartan’s work on connections predates the formulation of the concept of a fibre bundle, of course, so though he
discusses in detail the projective connection as a local object, there is no direct hint in [3] of what the principal
Hm+1-bundle on which the global connection form should live might be (except of course that it should embody the
notion of attaching a projective space to each point of the manifold). In [23] Sharpe gives the general procedure for
constructing the bundle implicitly by inferring its transition functions from the local connection forms, and shows
that it is unique to within equivalence, but he does not carry out the specific construction for the particular case of
the projective connection, nor give an explicit definition of the bundle. One aim of this paper is to make good this
deficiency.

Around the time that Cartan published his paper on projective connections a somewhat different line of research,
also described as a theory of projective connections, was being pursued by several other authors, including
Thomas [25,26] and Whitehead [27]. This second theory is concerned with the relationship between two affine
connections whose geodesics, although having different parametrizations, are geometrically the same; two such
connections are said to be projectively related. Here the concept of connection is that of Ehresmann. A brief history
of the development of these ideas up to 1930, which names the mathematicians principally involved, can be found in
the introductory section of Whitehead’s paper.

A generalization of the projective differential geometry of affine connections was studied by Douglas [10] under
the name of the general geometry of paths; it is also known as the projective differential geometry of sprays. We
will extend the Thomas–Whitehead theory to cover this more general situation. The projective differential geometry
of sprays incorporates the geometrical theory of systems of second-order ordinary differential equations under
so-called point transformations. We are therefore able to interpret the point transformation invariants of a system
of second-order ordinary differential equations found by Fels [11] in terms of projective quantities associated with the
corresponding equivalence class of sprays.

In the following sections of this paper we review spray geometry, discuss the Thomas–Whitehead construction
and its generalization to sprays, and afterwards describe the Cartan theory in the affine case. We then introduce a
certain bundle which realizes explicitly Cartan’s idea of attaching a projective space to each point of a manifold, and
which we call the Cartan bundle; this bundle is defined independently of any particular choice of connection, but
to any projective class of sprays one can associate a unique Cartan connection on the Cartan bundle, as we show.
Finally we describe in detail how to derive the Cartan connection from the generalized Thomas–Whitehead data for
any projective equivalence class of sprays.

We will use the Einstein summation convention, over several different ranges of indices. We will be basically
concerned with a manifold of dimension m, and we will denote by a, b, . . ., indices which range and sum over
1, 2, . . . ,m. We will also need to use indices which range and sum over 0, 1, . . . ,m: we will denote such indices by
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α, β, . . .. Finally, we will sometimes single out the index 1 for special attention, and when we do so indices which
range and sum over 2, 3, . . . ,m will be denoted by i, j, . . ..

2. Projective differential geometry of sprays

We review here the projective geometry of sprays. A useful reference for this material is Shen’s book [24]; however,
our approach differs from his in that we put more emphasis on the similarities between the general case and the affine
case as described for example in Schouten’s ‘Ricci-Calculus’ [22]. Douglas [10] also covers much of this ground of
course.

2.1. Sprays and Berwald connections

We denote by τ ◦

M : T ◦M → M the slit tangent bundle of M (T M with the zero section deleted). Coordinates on
T ◦M will generally be written (xa, ua). The Liouville field ua∂/∂ua is denoted by ∆.

A spray S on M is a second-order differential equation field on T ◦M ,

S = ua ∂

∂xa − 2Γ a ∂

∂ua ,

whose coefficients Γ a are positively homogeneous of degree 2 in the ua ; if they are quadratic in the ua (so that S is
the geodesic field of a symmetric affine connection) then the spray is said to be affine.

Homogeneity occurs frequently and is always with respect to the ua , so we will just say, for example, that some
function is of degree 1. Moreover, the distinction between being positively homogeneous and being homogeneous
without qualification won’t be important in this subsection, so we won’t repeat the qualifier ‘positively’.

The horizontal distribution associated with a spray is spanned by the vector fields

Ha =
∂

∂xa − Γ b
a
∂

∂ub , Γ b
a =

∂Γ b

∂ua ;

Γ b
a is of degree 1. The spray itself is horizontal: S = ua Ha . It will often be convenient to denote the vertical vector

field ∂/∂ua by Va .
The Berwald connection (see for example [4]) associated with a spray S is a connection on the pullback bundle

τ ◦∗

M (T M) → T ◦M . We will use tensor calculus methods, so we write sections of τ ◦∗

M (T M) as Xa∂/∂xa where
the coefficients Xa are local functions on T ◦M . The Berwald connection can be specified by giving its covariant
differentiation operator ∇ operating on ∂/∂xa (regarded as a local section of τ ◦∗

M (T M), or vector field along the
projection τ ◦

M ), together with the usual rules of covariant differentiation: in fact

∇Ha

∂

∂xb = Γ c
ab

∂

∂xc , ∇Va

∂

∂xb = 0,

where the connection coefficients are given by

Γ c
ab =

∂Γ c
a

∂ub =
∂2Γ c

∂ua∂ub ;

they are symmetric, of degree 0, and reduce to the usual connection coefficients in the affine case.
Note that covariant differentiation with respect to the vertical vector field Va of any tensor field along τ ◦

M amounts
simply to partial differentiation of the components of the field with respect to ua ; and that therefore if one takes a
tensor field along τ ◦

M and partially differentiates its components with respect to the ua one obtains another tensor
field, with one more covariant index.

We will use index notation, so that (for example) if T is a type (1, 1) tensor along τ ◦

M and ξ a vector field on T ◦M ,
(∇ξT )ab is just written ∇ξT a

b . Moreover, where convenient we will denote by (for example) T a
b,c the tensor component

∇Vc T a
b , and T a

b|c the tensor component ∇Hc T a
b .

The so-called total derivative T is the vector field along τ ◦

M whose coordinate representation is ua∂/∂xa ; its
covariant derivative in any horizontal direction vanishes, which is to say that ua

|b = 0.
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The curvature of the connection is defined in the usual way, but can be broken down into various components
according to whether the vector field arguments are taken to be horizontal or vertical. First, evidently(

∇Va ∇Vb − ∇Vb∇Va − ∇[Va ,Vb]

) ∂

∂xc = 0.

Next, we have(
∇Va ∇Hb − ∇Hb∇Va − ∇[Va ,Hb]

) ∂

∂xc = Bd
cab

∂

∂xd ,

where (since [Va, Hb] is vertical)

Bd
cab =

∂Γ d
bc

∂ua =
∂3Γ d

∂ua∂ub∂uc .

This component of the curvature has no affine counterpart—in fact its vanishing is the necessary and sufficient
condition for the spray to be affine. It is completely symmetric in the lower indices, is homogeneous of degree −1,
and satisfies Bd

cabuc
= 0. It is called the Berwald curvature.

Finally,(
∇Ha ∇Hb − ∇Hb∇Ha − ∇[Ha ,Hb]

) ∂

∂xc = Rd
cab

∂

∂xd ,

where Rd
cab, the counterpart of the usual curvature, is given by

Rd
cab = Ha

(
Γ d

bc

)
− Hb

(
Γ d

ac

)
+ Γ d

aeΓ
e
bc − Γ d

beΓ
e
ac.

It has the usual symmetries, is of degree 0, and reduces to the ordinary curvature tensor when the spray is affine. It is
called the Riemann curvature.

We can also express the curvatures conveniently using forms. We write ϕa for the 1-form dua
+ Γ a

b dxb, so that
{dxa, ϕa

} is the local basis of 1-forms on T ◦M dual to the local basis {Ha, Va} of vector fields. Define connection
forms ωa

b = Γ a
bcdxc; if Ωa

b = dωa
b + ωa

c ∧ ωc
b are the associated curvature forms then

Ωa
b =

1
2

Ra
bcddxc

∧ dxd
+ Ba

bcdϕ
c
∧ dxd .

By taking traces of the curvatures we obtain tensors Bab = Bc
cab and Rab = Rc

acb. The first is symmetric. The
second is not in general symmetric; moreover, by the cyclic identity Rc

cab = Rab − Rba .
By differentiating the formula for the Riemann curvature with respect to ue one obtains the following relation

between the two curvatures:

Rd
cab,e = Bd

bce|a − Bd
ace|b;

this is in fact part of the second Bianchi identity for the curvature taken as a whole. From this formula, by taking a trace
and skew-symmetrizing over one pair of indices one obtains Rab,c − Rba,c = Bbc|a −Bac|b, and by skew-symmetrizing
over a different pair of indices Rbc,a = Rac,b, both of which are useful later.

We will also be concerned with the associated tensor

Ra
b = Ra

cbducud
= 2

∂Γ a

∂xb − S(Γ a
b )− Γ a

c Γ c
b .

This type (1, 1) tensor field is often called the Jacobi endomorphism, because it is the curvature term that appears in
the Jacobi equation. It contains the same information as the Riemann tensor, which can be recovered from it by use of
the formula

Rd
cab =

1
3

(
Rd

a,bc − Rd
b,ac

)
.
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We denote by R the trace of Ra
b ; we have R = Rcducud . It follows from the relationship Rbc,a = Rac,b and the fact

that Rab is homogeneous of degree 0 that ub Rbc,a = 0, whence

∂R

∂ua = (Rab + Rba)u
b,

∂2 R

∂ua∂ub = Rab + Rba .

A spray whose Jacobi endomorphism has the property that for any va , Ra
bv

b is a linear combination of ua and va is
said to be isotropic. For an isotropic spray Ra

b takes the form Ra
b = λδa

b +µbua for some scalar λ and vector µb. Since
Ra

b ub
= 0 we have λ = −µbub, and then by taking the trace we find that (m − 1)λ = R, so for an isotropic spray

Ra
b −

1
m − 1

Rδa
b = µbua,

with µbub
= −R/(m − 1).

Note that a spray has two independent curvatures, and either can vanish without the other doing so. A spray whose
Riemann curvature vanishes, but whose Berwald curvature is not necessarily zero, is said to be R-flat.

2.2. Projective equivalence

Two sprays S, Ŝ are projectively equivalent if Ŝ − S = −2α∆, or Γ̂ a
= Γ a

+ αua , where the function α is
positively homogeneous of degree 1 in the ua .

From the basic projective transformation rule it follows that the horizontal vector fields associated with the spray
Ŝ are given by

Ĥa = Ha − αVa − αa∆, αa =
∂α

∂ua ;

αa is of degree 0, and uaαa = α. Furthermore,

Γ̂ c
ab = Γ c

ab +
(
αabuc

+ αaδ
c
b + αbδ

c
a

)
, αab =

∂2α

∂ua∂ub ;

αab is symmetric and of degree −1, and αabub
= 0.

By taking a trace in the equation for the transformation of the Γ c
ab, and writing Γa for Γ b

ab, we obtain
Γ̂a = Γa + (m + 1)αa , whence the quantity

Π c
ab = Γ c

ab −
1

m + 1

(
Γaδ

c
b + Γbδ

c
a + Babuc)

is projectively invariant. Douglas [10] calls it the fundamental invariant and says in effect that every projective invariant
is expressible in terms of it and its partial derivatives. However, the Π c

ab are not components of a tensor, nor even of a
connection, and this has to be borne in mind when forming projective invariants from it. Note that Π b

ab = Π b
ba = 0.

It may appear that if we set Γ = Γ d
d and take

α = −
1

m + 1
Γ = −

1
m + 1

∂Γ d

∂ud

then the transformed spray has Π c
ab for its connection coefficients. However, Γ is not strictly speaking a function: its

transformation law under coordinate transformations of the xa (and the induced transformations of the ua) involves
the determinant of the Jacobian of the coordinate transformation; however, it transforms as a function under coordinate
transformations for which the determinant of the Jacobian is 1. Consequently the Π c

ab are not, in general, the
components of a connection. In fact if Π c

ab, Π̂ c
ab are the components of the fundamental descriptive invariant with

respect to coordinates (xa), (x̂a) then

Π̂ c
ab = J̄ d

a J̄ e
b (J

c
f Π

f
de − J c

de)+
1

m + 1
∂ log |J |

∂xd ( J̄ d
a δ

c
b + J̄ d

b δ
c
a),

where J a
b = ∂ x̂a/∂xb are the elements of the Jacobian matrix of the coordinate transformation, J̄ a

b those of its inverse,
J c

ab = ∂ J c
a /∂xb

= ∂ J c
b /∂xa , and J is the Jacobian determinant.
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We will nevertheless follow Douglas in taking the Π c
ab as fundamental in describing a certain kind of path space,

that is, a manifold together with a collection of paths (unparametrized curves) with the property that there is exactly
one path of the collection through a given point in a given direction.

We concentrate for a moment on the affine case, when the Π c
ab are functions on a coordinate patch in the base

manifold M . Douglas, in [10], calls a path space of this kind a restricted path space. In fact we could define a restricted
path space as an assignment, to each coordinate patch on a manifold, of a set of functions Π c

ab, symmetric in a and b,
transforming under a change of coordinates according to the formula given above. The paths are defined by

ẍc
+ Π c

ab ẋa ẋb
∝ ẋc,

a condition which is invariant both under coordinate transformations and under change of parametrization. It is not
strictly necessary to impose the condition that Πa = Π b

ab = 0, since if the Π c
ab transform as specified then the Π b

ab are
components of a 1-form, and if

Π̃ c
ab = Π c

ab −
1

m + 1

(
Πaδ

c
b + Πbδ

c
a

)
then Π̃ c

ab transforms in the same way, defines the same paths, and does satisfy Π̃a = 0. Nevertheless we will reserve
the term ‘fundamental descriptive invariant’ for the Π c

ab which satisfy Πa = 0. Clearly if Πa = 0 and Π̂ c
ab is related

to Π c
ab by the transformation formula given above then Π̂a = 0 also.

Every affine connection defines a restricted path space in this sense, with projectively equivalent ones defining the
same path space. As it happens the converse also holds, as we will show later, so the concept of restricted path space
is not more general.

2.3. Projective transformation of the curvatures

We now return to the general case, and derive certain projective transformation formulae we require. We will do so
entirely tensorially; we will however point out the simplifications that arise when one chooses the local spray whose
connection coefficients with respect to some coordinates are the Π c

ab. We will denote objects calculated in this way by
setting their kernel letters in black-letter. Thus it follows from the observation above that the traces of Π c

ab vanish that
Bab = 0, and also that Rc

cab = 0, so that Rba = Rab.
An easy calculation leads to the following transformation formula for Bd

cab:

B̂d
cab = Bd

cab + αabcud
+ αabδ

d
c + αbcδ

d
a + αacδ

d
b ,

where αabc denotes a third partial derivative of α; it satisfies αabcuc
= −αab. Then by taking a trace

B̂ab = Bab + (m + 1)αab, whence

Dd
cab = Bd

cab −
1

m + 1

(
ud Bab,c + Babδ

d
c + Bbcδ

d
a + Bacδ

d
b

)
is a projectively invariant tensor—the Douglas tensor. It is symmetric in its lower indices, of degree 0, it satisfies
Dd

cabuc
= 0, and all of its traces vanish. Since Bab = 0,

Dd
cab = Bd

cab =
∂Π d

ab

∂uc .

The projective transformation of the Riemann curvature is given by

R̂d
cab = Rd

cab + ∇Haα
d
bc − ∇Hbα

d
ac + (ααbc + αbαc)δ

d
a − (ααac + αaαc)δ

d
b ,

where αc
ab is the difference tensor of the connection coefficients,

αc
ab = αabuc

+ αaδ
c
b + αbδ

c
a .

Using the fact that multiplying by ua commutes with covariant differentiation with respect to Ha we obtain

∇Haα
d
bc = udαbc|a + αb|aδ

d
c + αc|aδ

d
b .
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It can be shown that

∇Ha B̂bc − ∇Hb B̂ac = ∇̂Ĥa
B̂bc − ∇̂Ĥb

B̂ac,

whence the transformation law for Rd
cab can be rewritten in the form

Ŝd
cab = Sd

cab − Abcδ
d
a + Aacδ

d
b + (Aab − Aba)δ

d
c ,

where

Sd
cab = Rd

cab −
1

m + 1
ud (Bbc|a − Bac|b

)
= Rd

cab −
1

m + 1
ud (Rab,c − Rba,c

)
,

Aab = αb|a − ααab − αaαb.

The modified Riemann curvature Sd
cab has the usual symmetries, is of degree 0, and reduces to the Riemann curvature

in the affine case. We set Sab = Sc
acb; then Ŝab = Sab + Aab − m Aba , whence

Aab = −
1

m2 − 1

(
Q̂ab − Qab

)
, Qab = Sab + mSba .

It follows that

Pd
cab = Sd

cab −
1

m2 − 1

(
Qbcδ

d
a − Qacδ

d
b − (Qab − Qba)δ

d
c

)
is a projectively invariant tensor. It is the counterpart of the projective curvature tensor of the affine theory, to which it
reduces in the affine case. It is of degree 0; it has the same symmetries as the Riemann curvature, and in addition all
of its traces vanish.

Since Rab is symmetric, Sd
cab = Rd

cab, whence Sab = Rab and Qab = (m + 1)Rab, so that

Pd
cab = Rd

cab −
1

m − 1

(
Rbcδ

d
a − Racδ

d
b

)
.

The Jacobi endomorphism of a spray S transforms as follows:

R̂a
b = Ra

b + Abua
− Aδa

b ,

where the vector Aa and scalar A are given by

Aa = 2Ha(α)− ∇Sαa − ααa, A = S(α)− α2
= ua Aa;

Aa is homogeneous of degree 1. For the trace of the Jacobi endomorphism we have R̂ = R − (m − 1)A. Using these
formulae one can show that

W a
b = Ra

b −
1

m − 1
Rδa

b −
1

m + 1
ua

∇Vc

(
Rc

b −
1

m − 1
Rδc

b

)
is projectively invariant. It is called the Weyl tensor. It is trace-free and satisfies W a

b ub
= 0. The Weyl tensor bears the

same relationship to the projective curvature tensor as the Jacobi endomorphism does to the Riemann curvature: that
is to say, Pa

cbducud
= W a

b , and Pa
bcd can be expressed in terms of second vertical covariant derivatives of W a

b .
From the transformation laws it is easy to see that being isotropic is a projectively invariant property of a spray.

Moreover, by substituting the formula for Ra
b for an isotropic spray into the expression for W a

b above and using the
evident fact that µb is homogeneous of degree −1 we see that W a

b = 0 for an isotropic spray; the converse is obvious.
Thus a spray is isotropic if and only if W a

b = 0; and equivalently if and only if Pa
bcd = 0.

When m > 2 the vanishing of both the Douglas and the projective curvature tensors is the necessary and sufficient
condition for a spray to be projectively flat, that is, projectively equivalent to a spray that can be written ua∂/∂xa in
some coordinates. In dimension 2, however, a tensor with the symmetries of the Riemann tensor is determined by its
traces, and if they vanish so does the tensor; so the projective curvature tensor is identically zero in dimension 2. We
will therefore assume that m > 2 hereafter.
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The vanishing of the Douglas tensor alone is the necessary and sufficient condition for a spray to be projectively
equivalent to an affine one [24]. The vanishing of the projective curvature tensor alone is the necessary and sufficient
condition for a spray to be projectively equivalent to one which is R-flat; in other words, a spray is isotropic if and
only if it is projectively R-flat [5].

2.4. Systems of differential equations

The base integral curves of a spray are the solutions of the equations

ẍa
+ 2Γ a(x, ẋ) = 0;

all sprays in a projective equivalence class have the same base integral curves up to a change of parameter which
preserves sense. Thus a projective equivalence class of sprays determines, and in fact is determined by, a path space,
that is, a collection of paths (unparametrized but oriented curves) in M with the property that there is a unique path
of the collection through each point in each direction. A choice of spray in a projective equivalence class amounts to
a choice of parametrization of the corresponding paths; Douglas calls the parametrization resulting from the choice
with Γ a

bc = Π a
bc the canonical parametrization for the given coordinates.

Since sprays are required to be only positively homogeneous, reversing the initial direction may give a different
path. We will be interested in a restricted class of sprays, those having the property that the integral curve through
x with initial tangent vector −u is just the integral curve through x with initial tangent vector u traversed in the
opposite sense; we call such sprays, and their base integral curves, reversible. Reversible sprays are such that the
coefficients Γ a are homogeneous of degree 2 without qualification, that is, satisfy Γ a(xb, λub) = λ2Γ a(xb, ub) for
all non-zero λ. Alternatively, they satisfy Γ a(xb,−ub) = Γ a(xb, ub) in addition to being positively homogeneous.
The corresponding path space has the property that given a point x ∈ M and a line in Tx M there is a unique path
(now an unparametrized and unoriented curve) through x whose tangent line at x is the given line. The set of lines in
Tx M is just PTx M , the projective tangent space at x ; thus a path space in this sense determines and is determined by
a congruence of paths on PT M , the projective tangent bundle of M (one and only one path of the congruence passes
through each point of PT M); the corresponding projective equivalence class of sprays determines and is determined
by a line element field on PT M , the tangent line element field of the congruence of paths.

From here on we will deal only with reversible sprays.
In a local coordinate system we can choose to parametrize suitable paths of a projective class of sprays with one of

the coordinates, say x1; with such a parametrization ẋ1
= 1, ẍ1

= 0, and the differential equations take the form

d2x i

d(x1)2
= f i

(
x1, x j ,

dx j

dx1

)
, i, j = 2, 3, . . . ,m.

In other words, there is always locally a member of the projective class for which Γ 1
= 0; then f i (xa, y j )

= −2Γ i (xa, 1, y j ). Conversely, given a system of m − 1 second-order differential equations in the variables x i ,
with parameter x1, we can locally recover a spray by setting

Γ 1
= 0, Γ i (xa, ua) = −

1
2
(u1)2 f i (xa, u j/u1).

Such a spray is reversible.
If we make a point transformation (a coordinate transformation involving all of the coordinates xa) the spray

corresponding to the new system of differential equations will not be the same as that corresponding to the original
one; but it will be projectively equivalent to it. The invariants of the system of second-order ordinary differential
equations under point transformations will be the projective invariants of the corresponding projective equivalence
class of sprays.

It will be useful to be able to represent the projective quantities in terms of the f i . We therefore compute the
fundamental invariants Π a

bc of the spray

ua ∂

∂xa − 2Γ a ∂

∂ua , Γ 1
= 0, Γ i (xa, ua)

= −
1
2

(
u1
)2

f i
(

xa, u j/u1
)
.
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We set

γ i
j = −

1
2
∂ f i

∂y j , γ i
jk =

∂γ i
j

∂yk , γ i
jkl =

∂γ i
jk

∂yl ,

γ = γ k
k , γi =

∂γ

∂yi = γ k
ik, γi j =

∂2γ

∂yi∂y j .

We denote by d/dx1 the differential operator

d

dx1 =
∂

∂x1 + yi ∂

∂x i + f i ∂

∂yi

(it is a vector field on a jet bundle, the second-order differential equation field or SODE of the system of equations
ẍ i

= f i ), and set

Φi
j =

∂ f i

∂x j +
d

dx1

(
γ i

j

)
+ γ i

k γ
k
j ;

Φi
j is called in the relevant literature, with an unfortunate disagreement over sign, the Jacobi endomorphism of the

second-order differential equation field [6]. Then γ i
jkl and Φi

j are invariants of the second-order differential equation

field under the restricted class of coordinate transformations x̂1
= x1, x̂ i

= x̂ i (x1, x i ), that is, transformations that
preserve the parametrization.

We will show that for m > 2 the Douglas tensor Da
bcd and the Weyl tensor W a

b are completely determined by the
quantities

K i
jkl = γ i

jkl −
1

m + 1

(
δi

jγkl + δi
kγ jl + δi

l γ jk

)
, L i

j = Φi
j −

1
(m − 1)

δi
jΦ

k
k .

Since the projective curvature tensor Pa
bcd determines and is determined by the Weyl tensor, it too is completely

determined by these quantities. This is related to a result of Fels [11], who showed, using Cartan’s method of
equivalence, that K i

jkl and L i
j are the fundamental invariants of the system of second-order ordinary differential

equations under point transformations. In fact the point transformation invariants of a system of second-order
differential equations, or equivalently the projective invariants of the corresponding spray, are completely determined
by the trace-free parts of the invariants of the system under parametrization-preserving transformations.

To derive this result we need to compute several quantities from the Γ a by differentiating with respect to the ua and
taking traces. The calculations are much simplified by the fact that the quantities involved are homogeneous of various
degrees in the ua . Any function φ of degree n is determined by its value at u1

= 1, since φ(ua) = (u1)nφ(1, ui/u1)

(this is of course just the principle used to define the spray coefficients). Moreover, we have Euler’s theorem at our
disposal. In the formulae below we assume that u1

6= 0, and write yi for ui/u1.
First we have

Γ 1
b = 0, Γ i

j = u1γ i
j , Γ i

1 = −(u1)( f i
+ ylγ i

l ).

For the Γ a
bc we obtain

Γ 1
bc = 0, Γ i

jk = γ i
jk, Γ i

1 j = Γ i
j1 = γ i

j − ylγ i
jl , Γ i

11 = − f i
− 2ylγ i

l + yl ymγ i
lm .

Next, the traces:

Γ = u1γ ; Γi = γi , Γ1 = γ − ylγl;

and their derivatives

Γi j =

(
u1
)−1

γi j , Γ1i = Γi1 = −

(
u1
)−1

ylγil Γ11 =

(
u1
)−1

yl ymγlm .

It follows that the fundamental invariants Π a
bc are given in terms of the f i and their derivatives by

Π 1
11 = −

1
m + 1

(
2γ − 2ylγl + yl ymγlm

)
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Π 1
1i = −

1
m + 1

(
γi − ylγil

)
Π 1

i j = −
1

m + 1
γi j

Π i
11 = − f i

− 2ylγ i
l + yl ymγ i

lm −
1

m + 1
yi yl ymγlm

Π i
1 j = γ i

j − ylγ i
jl −

1
m + 1

((
γ − ylγl

)
δi

j − yi ylγ jl

)
Π i

jk = γ i
jk −

1
m + 1

(
γ jδ

i
k + γkδ

i
j + yiγ jk

)
.

Thus with u1
= 1,

Di
jkl = γ i

jkl −
1

m + 1

(
γ jlδ

i
k + γklδ

i
j + γ jkδ

i
l + yiγ jkl

)
.

We differentiate K i
jkl with respect to ym to obtain

∂K i
jkl

∂ym = γ i
jklm −

1
m + 1

(
δi

jγklm + δi
kγ jlm + δi

l γ jkm

)
,

then take a trace to get

m − 2
m + 1

γ jkl =
∂K m

jkl

∂ym ,

whence

Di
jkl = K i

jkl −
1

m − 2
yi
∂K m

jkl

∂ym .

Furthermore

D1
jkl = −

1
m + 1

γ jkl = −
1

m − 2

∂K m
jkl

∂ym .

Now ud Da
bcd = 0, whence Da

bc1 = −yi Da
bci , so that the remaining components of Da

bcd are determined by those
which have already been calculated.

For the Jacobi endomorphism of the spray we have R1
a = 0,

Ri
j = −

(
u1
)2
(
∂ f i

∂x j +
d

dx1

(
γ i

j

)
+ γ i

k γ
k
j

)
= −

(
u1
)2

Φi
j ,

so that R = −(u1)2Φk
k . Thus

Ri
j −

1
m − 1

Rδi
j = −

(
u1
)2

L i
j , R1

j −
1

m − 1
Rδ1

j = 0.

Thus when u1
= 1,

W i
j = −L i

j +
1

m + 1
yi
∂Lk

j

∂yk , W 1
j =

1
m + 1

∂Lk
j

∂yk .

As before, the remaining components of W a
b are determined by these, since W a

b ub
= 0.

It follows that L i
j = 0 is a necessary and sufficient condition for the spray to be isotropic.
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3. The Thomas–Whitehead theory

We now discuss the Thomas–Whitehead theory. In its original version, and also in the version of Roberts [21] on
which our account is based, this is a theory of projective equivalence classes of affine connections, so the first part of
this section deals with the affine case. We show how to generalize the theory to arbitrary sprays in the final subsection.

The fundamental example is projective space Pm itself. We begin by considering connections on projective space,
as motivation for the general constructions.

3.1. Connections on projective space

As a manifold, Pm is the quotient of Rm+1
−{0} under the multiplicative action of R−{0}; the infinitesimal generator

of this action is the radial vector field given in Cartesian coordinates by xα∂α = Υ . We may represent objects on Pm

as objects on Rm+1
− {0} transforming appropriately under the action; for convenience this will be expressed in

terms of the Lie derivative with respect to Υ , together with invariance under the reflection map j : x 7→ −x . So
functions on Pm may be represented by functions f on Rm+1

− {0} satisfying Υ f = 0 and j∗( f ) = f : call the set
of such functions FΥ . Similarly, vector fields on Pm may be represented by equivalence classes of vector fields X
on Rm+1

− {0} satisfying LΥ X ∝ Υ and j∗ X = X , with equivalence Y ≡ X if Y − X ∝ Υ . Let XΥ denote the
set of such vector fields, and for X ∈ XΥ let [[X ]] denote the equivalence class of X . The set [[XΥ ]] of equivalence
classes [[X ]] for X ∈ XΥ is a Lie algebra over the module FΥ , with [ [[X ]] , [[Y ]] ] = [[ [X, Y ] ]]. Furthermore, for
any f ∈ FΥ , X f ∈ FΥ if X ∈ XΥ and Y f = X f if Y ≡ X : thus [[X ]] f is well-defined (as X f ); [[XΥ ]] acts as
derivations on FΥ ; and the Lie bracket of equivalence classes is the commutator of the corresponding derivations.

We will define a covariant derivative operator on [[XΥ ]] as a map ∇ : [[XΥ ]]×[[XΥ ]] → [[XΥ ]] which is R-bilinear,
FΥ -linear in the first variable, and satisfies

∇[[X ]]( f [[Y ]]) = f ∇[[X ]][[Y ]] + ([[X ]] f )[Y ].

A covariant derivative is symmetric if

∇[[X ]][[Y ]] − ∇[[Y ]][[X ]] = [ [[X ]] , [[Y ]] ].

We now relate such operators to the standard covariant derivative D on Rm+1, by the device of choosing a
representative of each equivalence class. Let ϑ be a 1-form on Rm+1

− {0} such that 〈Υ , ϑ〉 = 1 and j∗ϑ = ϑ ,
and for any vector field X set X̃ = X − 〈X, ϑ〉Υ . Then if Y ≡ X , Ỹ = X̃ ; and if X ∈ XΥ , X̃ ∈ XΥ also. Thus
such a 1-form ϑ enables one to select a representative of each equivalence class, in fact by the condition 〈X, ϑ〉 = 0.
If, furthermore, LΥϑ = 0 then LΥ X̃ = 0. Now Υ is an infinitesimal affine transformation of D, and so when
LΥ X̃ = LΥ Ỹ = 0

LΥ

(
DX̃ Ỹ

)
= DLΥ X̃ Ỹ + DX̃

(
LΥ Ỹ

)
= 0

also. Furthermore, j is an affine transformation, so when j∗ X̃ = X̃ and j∗Ỹ = Ỹ , j∗(DX̃ Ỹ ) = DX̃ Ỹ . So for any
choice of ϑ such that 〈Υ , ϑ〉 = 1, LΥϑ = 0 and j∗ϑ = ϑ we may set

∇
ϑ
[[X ]]

[[Y ]] =

[[
DX̃ Ỹ

]]
;

then ∇
ϑ is a symmetric connection on XΥ .

We may now consider the geodesics of ∇
ϑ . First of all, a geodesic will be a 2-surface Σ in Rm+1

− {0} invariant
under the action generated by Υ , that is, ruled by radial lines. It will be defined by any curve in it transverse to the
radial lines, and among such curves we can choose those σ whose tangent vectors satisfy 〈σ̇ , ϑ〉 = 0. Such curves
are mapped to each other by the action generated by Υ , so it is enough to consider one of them. Then Σ will be a
geodesic of ∇

ϑ if and only if [[Dσ̇ σ̇ ]] ∝ [[σ̇ ]], that is, if and only if Dσ̇ σ̇ = σ̈ is a linear combination of σ̇ and Υ |σ .
But this means that the tangent planes to Σ at all points on it are parallel to one another, and therefore that Σ is itself a
plane. Thus the geodesics of ∇

ϑ are the straight lines in Pm . We note for future reference that Υ has the property that
DΥ = id, where id is the identity tensor; and indeed this determines Υ up to the addition of a constant vector field.

We can describe the idea behind the construction of Roberts as follows: to introduce for any manifold M , a manifold
VM of one higher dimension, whose role in relation to M is to be like that of Rm+1

− {0} in relation to Pm ; and on
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VM to define a covariant derivative operator whose role in relation to a projective equivalence class of connections on
M is to be like that of D in relation to Pm as described above. We can motivate the construction of VM by introducing
a particular way of thinking about Rm+1

− {0} in this context.
Let Ω be the standard volume form on Rm+1. Let π be the projection Rm+1

→ Sm , where Sm , the m-sphere, is
the quotient of Rm+1

− {0} by the action generated by Υ , so that Pm is obtained from Sm by identifying diametrically
opposite points. Then for any point p ∈ Rm+1, p 6= 0, we can define an m-covector θ at π(p) ∈ Sm as follows: let ξa
be any m elements of Tπ(p)Sm , and let va be any m elements of TpRm+1 such that πp∗va = ξa ; set

θ(ξ1, ξ2, . . . , ξm) = Ωp(Υp, v1, v2, . . . , vm);

θ is clearly well-defined since adding a multiple of Υp to any va doesn’t change the value of the right-hand side. Now
take any s ∈ R, s > 0, and carry out the same construction but starting at sp. It is clear that the right-hand side gets
multiplied by sm+1. There is therefore a map ϕ : Rm+1

− {0} →
∧m Sm such that ϕ(sp) = sm+1ϕ(p). In this case ϕ

will be a diffeomorphism of Rm+1
− {0} with either of the two classes of oriented volume forms on Sm . There is no

need to take this any further here: our aim was just to suggest that it will be profitable to consider volume forms.
A somewhat similar account is to be found in [15], but as an application of Roberts’s construction rather than as

motivation for it.

3.2. The volume bundle

The basic idea of the Thomas–Whitehead theory of projectively equivalent connections is to represent a projective
equivalence class on an m-dimensional manifold by a single connection on a manifold of dimension m + 1, extending
the approach of the previous subsection from projective space to a more general manifold M . We start by describing
the appropriate (m + 1)-dimensional manifold, broadly following Roberts [21] but diverging from him over some
details.

We start with the non-zero volume elements θ ∈
∧m T ∗M ; the set of pairs [±θ ] of such elements will be called

the volume bundle of M (strictly speaking it should be called the unoriented volume bundle but we will normally
omit the prefix ‘unoriented’) and denoted by VM . It is indeed a bundle, with projection ν : VM → M , defined by
ν[±θ ] = x whenever θ,−θ ∈

∧m T ∗
x M . If xa are coordinates on M then a candidate for the fibre coordinate on the

(one-dimensional) fibre of ν is |v|, where v satisfies

θ = v(θ)
(

dx1
∧ · · · ∧ dxm

)
x

for any θ ∈
∧m T ∗M ; however, in view of the discussion in the previous subsection we choose instead to use

x0
= |v|1/(m+1) as the fibre coordinate, with the convention that the positive root is to be taken if m is odd so

that x0 > 0. The local trivializations defined in this way describe a principal R+-bundle structure on ν (R+ is
the multiplicative group of positive reals). We will let µ : VM × R+ → VM denote the corresponding (right)
action [±θ ] 7→ [±sm+1θ ] of R+ on the fibres of ν, and also write µs : VM → VM for the map defined by
µs([±θ ]) = µ([±θ ], s). The fundamental vector field of this bundle, which corresponds to the radial vector field of
the previous sub-section, will be denoted by Υ ; in coordinates

Υ = x0 ∂

∂x0 .

Although our construction of the volume bundle is similar to that used by Roberts [21], it is not quite the same.
A small difference is that Roberts uses the structure of an R-bundle rather than an R+-bundle, by exploiting the
exponential isomorphism. More significant is that his bundle is built from m-vectors rather than m-covectors—the
two bundles are isomorphic, but the natural fibre coordinate is |v|−1 rather than |v|. Another significant difference is
that our R+-bundle structure uses multiplication by sm+1 rather than multiplication by s as the right action, and so
our fundamental vector field Υ is −(m + 1) times the one used by Roberts.

The volume bundle has some additional natural structure, a so-called odd scalar density, which is defined in the
following way. Observe first that

∧m T ∗M , as a bundle of m-covectors, has a tautological m-form Θ ; in coordinates
Θ = v dx1

∧· · ·∧dxm . The differential dΘ is a natural volume form on
∧m T ∗M defining, at each point [±θ ] ∈ VM ,

a pair of (m + 1)-covectors differing only in sign; this is the odd scalar density we require. We will denote it by |dΘ |.
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In the coordinates on VM , this may be written as

±(m + 1)
(

x0
)m

dx0
∧ dx1

∧ · · · ∧ dxm .

3.3. TW-connections

Roberts’s version of the Thomas–Whitehead theory is based on his notion of a Thomas–Whitehead projective
connection, or TW-connection for short. A TW-connection is a symmetric affine connection ∇̃ on the volume bundle
VM which is invariant under the R+ action on ν : VM → M and which satisfies the condition that ∇̃Υ = id,
where id is the identity tensor on VM . The invariance condition is equivalent to saying that Υ is an infinitesimal
affine transformation of ∇̃, and we will generally use it in this form. (The definition above is essentially the one given
in [21], with the difference that the formulae there differ from ours by the constant factor −(m + 1) as we use a
different fundamental vector field.) These conditions on ∇̃, when expressed in terms of its connection coefficients Γ̃ γ

αβ

with respect to coordinates (xα), adapted to the bundle structure, give Γ̃ 0
a0 = Γ̃ γ

00 = 0, Γ̃ b
a0 = (x0)−1δb

a ; furthermore,
the Γ̃ c

ab are functions on M transforming as the components of the fundamental descriptive invariant of a restricted
path space (though not necessarily satisfying Γ̃ a

ab = 0), while the Γ̃ 0
ab are of the form x0αab where the αab are

functions on M , transforming appropriately. There is therefore a many–one correspondence between TW-connections
and restricted path spaces. The geodesic equations for a TW-connection are

ẍc
+ Γ̃ c

ab ẋa ẋb
= −2

(
ẋ0/x0

)
ẋc, ẍ0

+ x0 αab ẋa ẋb
= 0.

The first of these defines the paths on M . The second equation tells us that the terms αab in the connection essentially
determine a preferred parametrization of the paths. Suppose that we wish to make a change of parametrization so that
with respect to the new parameter the equations become

ẍc
+ Γ̃ c

ab ẋa ẋb
= 0.

Then from the first equation s must satisfy s̈ = −2(ẋ0/x0)ṡ, and from the second

d
dt

(
s̈

ṡ

)
−

1
2

(
s̈

ṡ

)2

= 2αab ẋa ẋb.

The left-hand side of this equation is the Schwarzian derivative of s, sometimes denoted by S(s). It is known that if f
is a Möbius function of t ,

f (t) =
at + b

ct + d

for some constants a, b, c and d with ad − bc 6= 0, then S( f ◦ s) = S(s); thus if s is a reparametrization to the new
parameter so is f ◦ s for any Möbius function f .

The importance of a TW-connection on the volume bundle is that it gives rise to a family of connections on M .
It is shown in [21] that given a TW-connection ∇̃, with the aid of any 1-form ϑ on VM which is R+-invariant and
satisfies 〈Υ , ϑ〉 = 1 one can construct a symmetric affine connection ∇

ϑ on M whose geodesics are the paths of the
restricted path space corresponding to ∇̃, just as we showed for Pm earlier. Such a 1-form ϑ is the connection form of
a connection on the principal bundle VM → M . It is well known (see for example [17] Chapter II, Theorem 2.1) that
every principal bundle over a paracompact manifold admits a global connection. It follows that every restricted path
space on a paracompact manifold M is the space of geodesic paths of some symmetric affine connection on M .

In fact ∇̃ gives rise in this way to a projective equivalence class [∇] of symmetric affine connections on M , the
different members of the class corresponding to different choices of ϑ ; the difference ϑ ′

− ϑ of two such 1-forms on
VM is the pull-back of a 1-form on M , which determines the projective transformation relating the two corresponding
connections on M . Conversely, each such projective equivalence class [∇] gives rise to many TW-connections, and
in particular to a unique TW-connection ∇̃ satisfying the additional conditions that ∇̃(|dΘ |) = 0 and that the Ricci
curvature of ∇̃ vanishes. In coordinates,

∇̃0(∂0) = 0, ∇̃0(∂b) = ∇̃b(∂0) =

(
x0
)−1

∂b, ∇̃a(∂b) = Π c
ab∂c −

1
m − 1

x0Rab∂0,
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where as before Π c
ab is the fundamental descriptive invariant of the equivalence class [∇] and Rab its Ricci ‘tensor’.

More generally, those TW-connections for which ∇̃(|dΘ |) = 0 take the form

∇̃0(∂0) = 0, ∇̃0(∂b) = ∇̃b(∂0) =

(
x0
)−1

∂b, ∇̃a(∂b) = Π c
ab∂c − x0αab∂0.

That is to say, the condition ∇̃(|dΘ |) = 0 forces Γ̃ c
ab to be Π c

ab, that is, to have vanishing trace. We will accordingly
call such a TW-connection trace-free, and we will call the trace-free TW-connection whose Ricci curvature vanishes
the normal TW-connection for the given projective equivalence class of affine connections.

It is also the case that if M is paracompact, ν : VM → M admits global sections ( [17] Chapter I, Theorem 5.7). A
global section σ determines a connection on the principal bundle, which is integrable, and whose connection 1-form
is exact, say d$ ; the function $ satisfies Υ$ = 1, and the horizontal submanifolds are the level sets of $ . Such a
global section is called a choice of projective scale by Bailey et al. in [1]. The corresponding affine connection ∇

d$

has the property that its Ricci tensor is symmetric, and any connection in the projective equivalence class with this
property is determined in this way. The projective transformation relating two connections with this property is given
by an exact 1-form on M .

We can also relate this construction to that of the so-called tractor bundle introduced in [1]. Suppose given a
connection form ϑ ; let Ha be the corresponding horizontal lifts of the ∂a from M to VM . The invariance of the
connection form implies that LΥ Ha = 0. Now consider the vector fields X on VM such that ∇̃Υ X = 0; call them
Υ -vectors. We may equivalently write the defining condition as LΥ X = −X . The Υ -vectors form a module over
functions on M . For any Υ -vector X and for any Y such that LΥY ∝ Υ (i.e. any projectable vector field Y ), ∇̃Y X is
also a Υ -vector, by virtue of the rules for a TW-connection. If X is a Υ -vector and ϑ is a connection form then the
horizontal component of X , that is, X − 〈X, ϑ〉Υ , is also a Υ -vector, as is its vertical component 〈X, ϑ〉Υ . We can
write a vertical Υ -vector as µ0Υ ; then Υµ0

= −µ0, from which it follows that µ0 is a scalar density on M of weight
−1/(m + 1). We can write a horizontal Υ -vector as µa Ha ; then similarly the µa are components of a contravariant
vector density of weight −1/(m + 1).

We can now define a covariant derivative operator on Υ -vectors, with respect to vector fields on M , by restricting
the arguments of the TW-connection to be respectively projectable vector fields and Υ -vectors. For a trace-free
TW-connection the representation of this covariant derivative with respect to an exact connection form ϑ = dϕ
coincides with the formulae given in [1].

3.4. TW-connections and affine sprays

A symmetric affine connection determines and is determined by its corresponding affine spray; it is therefore not
surprising that we can specify TW-connections, and in particular the normal TW-connection, entirely in terms of
sprays.

To a TW-connection there corresponds an affine spray on T (VM), say S̃. The defining conditions for a
TW-connection, when expressed in terms of S̃, turn out to be

LΥC S̃ = 0; LΥV S̃ = ΥC
− 2∆̃

where ΥC and ΥV are respectively the complete and vertical lifts of Υ to T (VM), and ∆̃ is the Liouville field on
T (VM). The first of these conditions is equivalent to the requirement that Υ is an infinitesimal affine transformation
of the TW-connection, and the second to the requirement that ∇̃Υ = id. The second condition may be reformulated
in terms of the horizontal lift ΥH of Υ to T (VM): since for any vector field X on VM , XH

=
1
2 (LXV S̃ + XC), we

have ΥC
− ΥH

= ∆̃. A variant of this formula will be important later.
Both of the claims above are easily confirmed by the following general coordinate calculations. Consider a manifold

(VM for example) equipped with a symmetric affine connection ∇ and corresponding affine spray S. The condition
in coordinates (xα) for a vector field X to be an affine transformation of ∇ is

∂2 Xγ

∂xα∂xβ
+
∂X δ

∂xα
Γ γ
δβ +

∂X δ

∂xβ
Γ γ
δα −

∂Xγ

∂xδ
Γ δ
αβ + X δ

∂Γ γ
αβ

∂xδ
= 0,
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while the condition that LXC S = 0 is just this contracted with uα and uβ . The condition that ∇ X = id is

∂Xα

∂xβ
+ Γ α

βγ Xγ = δαβ ,

while a short calculation gives

LXV S = XC
− 2uβ

(
∂Xα

∂xβ
+ Γ α

βγ Xγ
)

∂

∂uα
.

The odd scalar density on VM defines a volume form vol on T (VM) by ‘squaring’ (and ignoring a constant factor):

vol =

(
x0
)2m

dx0
∧ dx1

∧ · · · ∧ dxm
∧ du0

∧ du1
∧ · · · ∧ dum .

It is easy to see that the necessary and sufficient condition for a TW-connection to be trace-free is that the
corresponding spray satisfies LS̃vol = 0.

For any affine spray S, the vertical component of LS XH is

Rαβγ δu
βXγ uδ

∂

∂uα

where Rαβγ δ is the curvature of the corresponding connection; the quantity Rαβγ δu
βuδ , which is a type (1, 1) tensor

field along the projection τM : T M → M in component form, is the Jacobi endomorphism of the spray. The trace of
the Jacobi endomorphism is just Rβδuβuδ , a function on T M formed out of the Ricci curvature of the connection. In
this way the Ricci curvature can be expressed entirely in terms of the spray. Then a trace-free TW-connection is the
normal TW-connection if and only if the trace of its Jacobi endomorphism vanishes.

It can be shown that given a projective equivalence class of affine sprays on a manifold M there is a unique
affine spray S̃ on T (VM), whose integral curves when projected into M belong to the path space determined by the
projective class, such that

• LΥC S̃ = 0;
• ΥC

− ΥH
= ∆̃;

• LS̃vol = 0;

• the Jacobi endomorphism of S̃ has vanishing trace.

This spray is given in coordinates adapted to VM by

S̃ = uα
∂

∂xα
−

(
Π a

bcubuc
+

(
x0
)−1

u0ua
)

∂

∂ua +
1

(m − 1)
x0Rcducud ∂

∂u0 .

We call this the normal TW-spray; we can define the normal TW-connection as the symmetric affine connection
determined by the normal TW-spray.

The relation between the normal TW-spray and the underlying projective class of affine sprays can be conveniently
described in terms of a new bundle, by taking advantage of the fact that by definition the TW-spray S̃ satisfies
LΥC S̃ = 0. Consider the tangent bundle to the volume bundle, τVM : T (VM) → VM . The action µs of R+ on
the fibres of ν : VM → M lifts to a linear action µs∗ : T (VM) → T (VM), which is just the derivative of µs . Let
WM be the space of orbits of µ∗; then WM is a vector bundle over M with m + 1-dimensional fibres, and with
coordinates (xa, ua, w) where w = (x0)−1u0. It is also a line bundle over T M , whose fibres, the orbits of µ∗, are the
integral curves of ΥC.

Since the TW-spray S̃ satisfies the condition LΥC S̃ = 0, it projects to a vector field on WM , say S̃W . We can use
S̃W to construct the projective equivalence class of affine sprays on T M corresponding to the TW-spray, as follows.
The line bundle ρ : WM → T M admits global sections. A section σ is linear (in the fibre coordinates of T M → M)
if σ∗(∆) = ∆W ◦ σ , where ∆ is the Liouville field of T M and ∆W is that of the vector bundle τ : WM → M . For
any linear section σ , ρ∗(S̃W |σ ) is a spray on M . The difference between two linear sections is a linear function on
T M , so the corresponding sprays are projectively equivalent. The projective equivalence class so defined is the one
that generates the TW-spray, and equivalently the TW-connection.
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In terms of the construction given previously, a 1-form ϑ on VM defines a linear function ϑ̂ on T (VM); if
LΥϑ = 0 then ΥC(ϑ̂) = 0, in which case ϑ determines a function on WM ; the zero set of such a function defines
a linear section σ of WM → T M , and the spray on T M determined by σ is the spray of the connection on M
determined by ϑ .

3.5. BTW-connections

We have just shown that the geometry of a projective equivalence class of affine sprays on T M can be described
in terms of a single affine spray on T (VM). We have so far followed the historical order of events, by developing
the theory of TW-connections first, basing our account on the work of Roberts [21], and subsequently showing
that the defining properties of a TW-connection can be specified in terms of its spray. We are now faced with the
problem of generalizing these ideas to the case of a projective equivalence class of (not necessarily affine) sprays. The
properties formerly used to define a TW-connection do not translate straightforwardly into properties of Berwald
connections; however, the equivalent properties for an affine spray carry over almost without change to general
sprays. We will therefore approach the definition of the Berwald connection on T ◦(VM)which generalizes the normal
TW-connection, which we will call the Berwald–Thomas–Whitehead projective connection, or BTW-connection for
short (we will deal only with the analogue of the normal TW-connection and therefore need no qualifier), by first
proving the existence of a uniquely determined spray on T ◦(VM) which carries all the information about a given
projective class of sprays on T ◦M . We call this spray the BTW-spray, and define the BTW-connection as the Berwald
connection of this spray.

For a spray S̃ on T ◦(VM),

S̃ = uα
∂

∂xα
− 2Γ̃ α ∂

∂uα
,

we denote by R̃αβ its Jacobi endomorphism,

R̃αβ = 2
∂Γ̃ α

∂xβ
− S̃

(
Γ̃ α
β

)
− Γ̃ α

γ Γ̃ γ
β ,

and by R̃ the trace of R̃αβ . We again need the volume form vol on T ◦(VM).

In the affine case the affine spray S̃ on T (VM) whose corresponding symmetric affine connection is the normal
TW-connection of a given projective equivalence class of sprays on M is uniquely determined by the following
conditions:

• LΥC S̃ = 0;
• LΥV S̃ = ΥC

− 2∆̃;
• LS̃vol = 0;

• R̃ = 0.

These conditions apply without change to general sprays on T ◦(VM).
We will next derive the consequences of these conditions in terms of coordinates adapted to VM , thus showing that

sprays satisfying them exist locally; we postpone the proof of the global existence of such sprays until later. We find
that

LΥC S̃ = −2

(
x0 ∂Γ̃

α

∂x0 + u0 ∂Γ̃
α

∂u0

)
∂

∂uα
+ 2Γ̃ 0 ∂

∂u0 ,

LΥV S̃ = ΥC
− 2x0 ∂Γ̃

α

∂u0

∂

∂uα
− 2u0 ∂

∂u0 .

So in order for S̃ to satisfy the first pair of conditions we must have

x0 ∂Γ̃
0

∂x0 + u0 ∂Γ̃
0

∂u0 = Γ̃ 0, x0 ∂Γ̃
a

∂x0 + u0 ∂Γ̃
a

∂u0 = 0,
∂Γ̃ 0

∂u0 = 0, x0 ∂Γ̃
a

∂u0 = ua .
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It follows that

x0 ∂Γ̃
0

∂x0 = Γ̃ 0,

whence Γ̃ 0
= x0G0 say, where G0 is a function on T ◦M homogeneous of degree 2. Moreover

∂Γ̃ a

∂x0 = −

(
x0
)−2

u0ua,

so that Γ̃ a
= (x0)−1u0ua

+ Ga , where again Ga is a function on T ◦M homogeneous of degree 2. Thus a spray
satisfies the first pair of conditions if locally it takes the form

S̃ = uα
∂

∂xα
− 2

(
Ga

+

(
x0
)−1

u0ua
)

∂

∂ua − 2x0G0 ∂

∂u0 .

The remaining two conditions impose further restrictions on Ga and G0. We have

LS̃vol =

(
2m

u0

x0 − 2
(

Ga
a + m

u0

x0

))
vol,

so LS̃vol = 0 if and only if Ga
a = 0. Now

Γ̃ 0
0 = 0, Γ̃ 0

a = x0G0
a, Γ̃ a

0 =
ua

x0 , Γ̃ a
b = Ga

b +

(
u0

x0

)
δa

b ,

whence Γ̃ = Γ̃ α
α = mu0/x0, and

Γ̃ α
β Γ̃ β

α = Ga
bGb

a + 4G0
+ m

(
u0

x0

)2

,

using Ga
a = 0 and the homogeneity of G0. Thus

R̃ = 2
(
∂Ga

∂xa + G0
)

+ m

((
u0

x0

)2

+ 2G0

)
− Ga

bGb
a − 4G0

− m

(
u0

x0

)2

= 2
∂Ga

∂xa − Ga
bGb

a + 2(m − 1)G0,

so that the fourth condition is satisfied (given that the others are) if and only if

G0
= −

1
2(m − 1)

(
2
∂Ga

∂xa − Ga
bGb

a

)
.

Now LΥC S̃ = 0 is the necessary and sufficient condition for S̃ to project to a vector field on W◦M , the restriction
of WM to T ◦M ; call this vector field S̃W . With coordinate w = u0/x0 we have

u0 ∂

∂x0 7→ −w2 ∂

∂w
, x0 ∂

∂u0 7→
∂

∂w
,

so that

S̃W = ua ∂

∂xa − 2(Ga
+ wua)

∂

∂ua − (w2
+ 2G0)

∂

∂w
,

with Ga , G0 as above. Now ρ : W◦M → T ◦M is a line bundle. It admits global sections. A section σ is homogeneous
if σ∗(∆) = ∆W ◦ σ , where ∆ is the Liouville field of T ◦M and ∆W is that of the vector bundle τ : WM → M
restricted to W◦M . For any homogeneous section σ , ρ∗(S̃W |σ ) is a spray on T ◦M , given locally by

ua ∂

∂xa − 2(Ga
+ σua)

∂

∂ua .



M. Crampin, D.J. Saunders / Journal of Geometry and Physics 57 (2007) 691–727 709

The difference between two homogeneous sections is a homogeneous function on T ◦M , so the corresponding sprays
are projectively equivalent. The fundamental invariant of this equivalence class of sprays on T ◦M is just

Π a
bc =

∂2Ga

∂ub∂uc ,

whence Ga
=

1
2Π a

bcubuc by homogeneity. Furthermore,

G0
= −

1
2(m − 1)

(
2
∂Ga

∂xa − Ga
bGb

a

)
= −

1
2(m − 1)

Rcducud .

Suppose given a projective equivalence class of sprays on T ◦M ; then over each coordinate patch U on M there
is a unique spray S̃U on (T ◦(VM))|U which satisfies the four conditions given earlier and generates the class by
the construction just given. Since the conditions which determine S̃U are coordinate independent, and determine it
uniquely, the S̃U agree on overlaps of coordinate patches, and therefore fit together to give a global spray. This is the
BTW-spray of the projective equivalence class.

The Berwald connection coefficients of the BTW-spray of a projective equivalence class are

Γ̃ 0
0α = Γ̃ 0

α0 = 0, Γ̃ 0
ab = −

1
m − 1

x0Rab, Γ̃ a
00 = 0, Γ̃ a

0b = Γ̃ a
b0 =

(
x0
)−1

δa
b , Γ̃ a

bc = Π a
bc;

these are of course the connection coefficients of the BTW-connection.
The BTW-spray of a reversible spray is itself reversible.

3.6. An application of the BTW-connection construction

To demonstrate the utility of the BTW-connection construction, we now show how to construct for isotropic sprays,
essentially by algebraic means, functions which are constant along their paths; in generic cases the process will, at least
in principle, generate sufficiently many such constants to integrate the sprays, that is, specify the paths completely.
The idea is due to Grossman [13], but the implementation in terms of isotropic sprays is original.

First, an obvious remark: if T is a tensor which satisfies ∇X T = 0 for some covariant derivative operator ∇ then
any scalar f that can be formed out of T is a first integral of the vector field X , that is, it satisfies X f = 0. Here f
need not depend linearly on T , and in the application cannot; a good example of what we have in mind is the traces
of powers of a type (1, 1) tensor.

The appropriate general linear group acts on the tensor space by the corresponding tensor action. To say that f is
a scalar is to say that it is invariant under this action. The dimension of a cross-section of the action, at least so far as
‘generic’ tensors are concerned, gives the number of independent scalars. The case of interest consists of tensors Da

bcd
which are trace-free and symmetric in the lower indices. Now GL(m) acts irreducibly on this tensor space, which in
this context means that there are no non-trivial scalars which depend linearly on the tensor argument. However, by a
counting argument (which assumes that the isotropy group of the generic tensor is the identity) Grossman shows that
there are many orbits and therefore generically many scalars.

The remainder of the problem is thus to find a tensor that satisfies ∇ST = 0 where S is a spray in the projective
class. Suppose initially that S is R-flat. Now as we pointed out earlier, one of the Bianchi identities in spray geometry
is Ra

bcd|e = Ba
bde|c − Ba

bce|d ; when S is R-flat the left-hand side vanishes. Recall that ua
|b = 0 and that Ba

bcduc
= 0;

then

∇S Ba
bcd = ue Ba

bcd|e = ue Ba
bed|c = 0.

Thus a generic R-flat spray has enough first integrals to be explicitly solved, in principle.
We can turn this into a projective result by considering a projective class of isotropic sprays. It is easy enough

to compute the curvatures of the normal BTW-connection: they can be expressed in terms of projective invariants of
the corresponding projective class of sprays as follows. We write R̃αβγ δ for the Riemann curvature and B̃αβγ δ for the
Berwald curvature; then

R̃a
bcd = Pa

bcd , R̃0
bcd =

1
m − 1

x0 (Rbc|d − Rbd|c
)
,
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B̃a
bcd = Da

bcd , B̃0
bcd = −

1
m − 1

x0Rbc,d ,

all other components being zero in each case; the ‘covariant derivatives’ here are calculated with respect to the Π a
bc.

But when the sprays of the projective class are isotropic, and m ≥ 3, Pa
bcd = 0; and it follows from this (as in the

affine case) that Rbc|d = Rbd|c. Thus in the isotropic case the normal BTW-spray is R-flat, and so scalars formed
from its Berwald tensor (which will include scalars formed from the Douglas tensor of the original projective class of
sprays) will be first integrals of the BTW-spray. This gives a method of constructing first integrals of any spray in the
projective class.

4. Cartan projective geometry

We now turn to Cartan’s theory as it applies to the projective geometry of affine sprays. The Klein geometry on
which the Cartan geometry is modelled is just projective space Pm , which is a homogeneous space of the projective
group.

The projective group PGL(m + 1) is the quotient of GL(m + 1) by non-zero multiples of the identity. When m
is even, PGL(m + 1) ∼= SL(m + 1); when m is odd, on the other hand, elements of PGL(m + 1) may be identified
with equivalence classes containing pairs of matrices ±g where det g = ±1 according as the corresponding element
of PGL(m + 1) consists of matrices with positive or with negative determinant. We will take particular care in the
discussion below to identify any differences between the two cases. We will in fact represent elements of PGL(m + 1)
by matrices g with |det g| = 1, but we will bear it in mind that for m odd such a matrix is determined only up to sign.

Other authors, in describing Cartan projective geometries, take the underlying group to be PSL(m + 1)
instead: when m is even this is the same as PGL(m + 1), but when m is odd the latter group is not connected, and
PSL(m +1) is then its identity component. Using this subgroup when m is odd amounts to choosing an orientation for
the model geometry (recall that Pm is orientable in this case); a corresponding Cartan geometry can then be constructed
only when M is orientable. The use of PGL(m + 1) avoids this restriction.

The Lie algebra of PGL(m + 1) is sl(m + 1), as indeed is the Lie algebra of PSL(m + 1).
The other group of importance in the definition of a Cartan projective geometry is the subgroup Hm+1

⊂ PGL(m + 1) which is the stabilizer of the point [1, 0, . . . , 0] ∈ Pm . In matrix representation its elements are
matrices whose first column is zero below the diagonal. We denote by hm+1 the Lie algebra of Hm+1.

4.1. Cartan projective connections

A Cartan projective geometry consists of a suitable principal Hm+1-bundle P → M and an sl(m+1)-valued 1-form
ω on P , the connection form, satisfying the following conditions (see for example Sharpe ([23], Definition 5.3.1)):

1. the map ωp : Tp P → sl(m + 1) is an isomorphism for each p ∈ P;
2. R∗

hω = ad(h−1)ω for each h ∈ Hm+1; and
3. 〈AĎ, ω〉 = A for each A ∈ hm+1, where AĎ is the fundamental vector field corresponding to A.

Though this global, bundle definition of a Cartan connection is the most satisfying, in practice one usually works
locally, in a gauge (as indeed Cartan himself did, in effect). By a gauge we simply mean a local section, say κ ,
of P → M ; the connection form in that gauge is κ∗ω, a locally-defined sl(m + 1)-valued 1-form on M . It is a
consequence of the first condition above that a gauged connection form must have the property that for each point x
in its domain the linear map ρ ◦ (κ∗ω)(x) : Tx M → sl(m + 1)/hm+1, where ρ : sl(m + 1) → sl(m + 1)/hm+1 is the
projection, is an isomorphism.

It follows from the conditions on ω itemized above that given two local gauges κ and κ̂ with overlapping
domains, the corresponding locally-defined matrices of forms κ∗ω and κ̂∗ω on M are related by the transformation
rule κ∗ω = ad(h−1)(κ̂∗ω) + h∗(θHm+1), where θHm+1 is the Maurer–Cartan form on Hm+1 and h is the local
Hm+1-valued function relating the two gauges κ and κ̂ , such that κ(x) = Rh(x)κ̂(x). If the domain of h is simply
connected we can consistently choose a matrix-valued function to represent it, in which case the transformation rule
may be written as

κ∗ω = h−1(κ̂∗ω)h + h−1dh;

since h enters this equation quadratically, the possible sign indeterminacy in its matrix representation has no effect.
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Conversely, given a covering of M by local gauges and local matrices of forms satisfying this transformation rule,
it is possible to reconstruct the principal bundle in terms of transition functions, as we will explain more fully below.

One advantage of working in a gauge is that it may be possible to select a particularly simple gauged connection
form, and this is certainly the case for a projective connection. We assume the existence of a Cartan connection,
and start with an arbitrary gauged connection form κ̂∗ω which without loss of generality we take to be defined in a
coordinate patch. We can write κ̂∗ω as a matrix-valued form as follows:

κ̂∗ω =

(
ω̂0

0 ω̂0
b

ω̂a
0 ω̂a

b

)
;

each entry in the matrix is a locally defined 1-form on M . Now we can identify sl(m + 1)/hm+1 with Rm , so that
the linear map ρ ◦ (κ∗ω)(x) : Tx M → sl(m + 1)/hm+1 = Rm is just given by the vector-valued 1-form (ω̂a

0). It is a
consequence of the defining conditions for a connection form that this map is an isomorphism for each x , or in other
words if we set ω̂a

0 = ω̂a
0bdxb then the m × m matrix (ω̂a

0b) is nonsingular. We will show that by a change of gauge
we can transform ω̂a

0 to dxa . To see this, note first that if h is a matrix of the form

h =

(
h0

0 h0
b

0 ha
b

)
,

then its inverse is given by

h−1
=

(
h̄0

0 −h̄0
0h0

c h̄c
b

0 h̄a
b

)
where the overbar signifies (an element of) the inverse matrix (m × m or 1 × 1 as the case may be). Note that
det h = h0

0 det(ha
b). We denote the matrix elements of κ∗ω = h−1(κ̂∗ω)h + h−1dh by ωαβ , so that ωαβ =

h̄αγ ω̂
γ
δ hδβ + h̄αγ dhγβ ; then ωa

0 = h0
0h̄a

bω̂
b
0 . In order to make ωa

0 = dxa we must therefore solve the equations

h0
0h̄a

c ω̂
c
0b = δa

b for elements h0
0, ha

b of a matrix h representing an element of Hm+1. From these equations we obtain,
by taking determinants, (h0

0)
m+1(det h)−1 det ω̂0 = 1, where ω̂0 = (ω̂a

0b) and det ω̂0 6= 0. If m is even we require
that det h = 1, so h0

0 = (det ω̂0)
−1/(m+1); this solution is unique. On the other hand, if m is odd we require only that

|det h| = 1; then a necessary condition for a solution to exist is that det h and det ω̂0 have the same sign: if det ω̂0 > 0
then we must take det h = 1 and so h0

0 = ±(det ω̂0)
−1/(m+1), whereas if det ω̂0 < 0 then we must take det h = −1

and so h0
0 = ±(det(−ω̂0))

−1/(m+1). In either case, we obtain a unique solution for h0
0 up to sign. If we set ha

b = h0
0ω̂

a
0b

we obtain (for any choice of h0
a) an element of Hm+1 such that ωa

0 = dxa . We can combine the solutions for even and
odd m in one formula by setting

h0
0 =

det ω̂0

| det ω̂0|
| det ω̂0|

−1/(m+1)
;

it must be understood that when m is odd both (m + 1)-th roots must be taken.
There is still some freedom in the choice of gauge, which we can eliminate as follows. The gauge transformation

rule gives ω0
0 = ω̂0

0 − h0
bh̄b

aω̂
a
0 + h̄0

0dh0
0; so if we define h0

a by h0
adxa

= h0
0ω̂

0
0 + dh0

0, we will have ω0
0 = 0. Therefore,

for any projective connection on a manifold M there is a covering of M by coordinate patches and for each patch a
unique choice of gauge with respect to which the gauged connection form is(

0 ω0
b

dxa ωa
b

)
,

where ωa
a = 0. We call such a gauge the standard gauge for those coordinates.

We can use the standard gauges to find transition functions for the bundle P → M , and thus define it implicitly. Let
(ωαβ), (ω̂

α
β) be gauged connection forms for a projective connection, in standard gauge with respect to two overlapping

coordinate patches with coordinates (xa) and (x̂a). By considering the gauge transformation of (ω̂αβ) to standard form
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with respect to the coordinates (xa) we have ωαβ = h̄αγ ω̂
γ
δ hδβ + h̄αγ dhγβ with

h0
0 = εJ |J |

−1/(m+1), ha
b = εJ |J |

−1/(m+1) J a
b , h0

cdxc
= εJ d|J |

−1/(m+1)

where as before (J a
b ) is the Jacobian matrix of the coordinate transformation, J is the Jacobian determinant, and

εJ = J/|J |. That is,

h = εJ |J |
−1/(m+1)

1 −
1

m + 1
∂ log |J |

∂xb

0 J a
b

 .
If m is even then this is a matrix in SL(m + 1), but if m is odd then both (m + 1)-th roots must be taken and the result
is a pair of matrices in GL(m + 1) whose determinants are of absolute value 1. In either case we obtain an element of
Hm+1 ⊂ PGL(m + 1).

Thus given a manifold M with a Cartan projective connection we have an open covering of M by coordinate
neighbourhoods {Uλ} and smooth maps hµλ : Uλ ∩ Uµ → Hm+1 determined by the gauge transformation between
the gauged connections in standard form on the two coordinate patches. The maps hµλ satisfy

hνµhµλ = hνλ on Uλ ∩ Uµ ∩ Uν;

this follows from their construction, but can also be established easily from the explicit formula. They are therefore
transition functions in the definition of a principal Hm+1-bundle P; then the connection form in standard gauge will be
the pull-back by a suitable local section of a global Cartan connection form on P , and we regain the principal bundle
definition of the projective connection.

The transition functions are derived from consideration of the left column of the gauged connection form alone.
Using the transition functions and assuming that we have a globally defined Cartan connection form we can compute
the coordinate transformation properties of the remaining entries in the gauged connection form. We find, in particular,
that if we set ωc

a = ωc
abdxb then

ωc
ab = J̄ d

a J̄ e
b (J

c
f ω̂

f
de − J c

de)+
1

m + 1
∂ log |J |

∂xd ( J̄ d
a δ

c
b + J̄ d

b δ
c
a),

that is, that the symmetric part of ωc
ab, ωc

(ab) =
1
2

(
ωc

ab + ωc
ba

)
, transforms as the fundamental descriptive invariant of

a projective equivalence class. However, although ωa
ab = 0, it is not necessarily the case that ωa

(ab) = 0.

4.2. Geodesics

The definition of a geodesic in a Cartan geometry depends on the notion of the development of a curve in M into
a curve in the Klein geometry G/H on which the Cartan geometry is modelled. Let ω be the Cartan connection form,
and κ a gauge. A curve x(t) in M defines a curve Xκ in g by

Xκ(t) = 〈ẋ(t), κ∗ω〉.

We assume that G is a matrix group, for simplicity. Let g(t) be a curve in G which is a solution of the matrix
differential equation ġ = gXκ , and set ξ(t) = g(t)ξ0 where ξ0 is the point in the homogeneous space of which H
is the stabilizer. It is easy to see that, unlike g(t), ξ(t) is unchanged by a change of gauge: in fact g(t) changes to
g(t)h(t) where h(t) is a curve in H . Then ξ(t) is a development of x(t). It is clear that there is a development of a
given curve in M through each point of G/H .

We define a geodesic of a Cartan projective connection as a curve in M whose development in projective space
Pm is a straight line. We will now find the geodesics of a Cartan projective connection. We take a connection form in
standard gauge and write X (t) for(

0 ω0
bc ẋc

ẋa ωa
bc ẋc

)
.

Then any development ξ(t) of x(t) into Pm is given by ξ(t) = g(t)ξ0 where ξ0 = [1, 0, . . . , 0] and g(t) satisfies
ġ = gX . Now ξ(t) is a curve in projective space Pm ; if we wish to consider the equation defining it as a vector
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equation we must introduce an arbitrary non-vanishing scalar factor, say φ(t). That is, the development of x(t) is
[u(t)] where u(t) is a curve in Rm+1 such that u(t) = φ(t)g(t)e0 where e0 = (1, 0, . . . , 0). Let us assume that the
parametrization is chosen such that the straight line in Pm is given by ü = 0. Then

0 =
d2

dt2 (φg)e0 = (φ̈g + 2φ̇ġ + φg̈)e0 = g(φ̈ I + 2φ̇X + φ(Ẋ + X2))e0.

Thus x(t) will be a geodesic if and only if there is some non-vanishing function φ(t) such that

(φ̈ I + 2φ̇X + φ(Ẋ + X2))e0 = 0.

This is equivalent to a pair of equations, one vector and one scalar:

ẍc
+ ωc

ab ẋa ẋb
= −2(φ̇/φ)ẋc, φ̈ + φ ω0

ab ẋa ẋb
= 0.

From the first of these we see that a global Cartan projective connection determines a restricted path space whose
paths are its geodesics; and conversely, given a restricted path space there is a global Cartan connection (in fact there
are many) whose geodesics are its paths. In fact these geodesic equations are exactly the same as the equations for the
geodesics of a TW-connection obtained earlier, with the substitutions of ωc

(ab) for Γ̃ c
ab, ω0

(ab) for αab, and φ for x0.

4.3. Normalizing the Cartan projective connection

The curvature of a Cartan projective connection is the sl(m + 1)-valued 2-form (Ωα
β ) where

Ωα
β = dωαβ + ωαγ ∧ ω

γ
β .

The vanishing of the curvature is the necessary and sufficient condition for the Cartan geometry to be locally
diffeomorphic to Pm , the Klein geometry on which it is modelled.

The torsion of the Cartan connection is the Rm-valued 2-form (Ωa
0 ).

We can consider curvature and torsion in a local gauge; the definitions are formally the same. Under a change
of gauge the curvature transforms by Ωα

β = h̄αγ Ω̂
γ
δ hδβ ; it follows that the torsion transforms by Ωa

0 = h0
0h̄a

bΩ̂
b
0 . Of

particular interest are connections with vanishing torsion. It is clear from the transformation rule that this is a gauge-
independent property of a connection. If we take a connection in standard gauge, its torsion is just

Ωa
0 = −ωa

bcdxb
∧ dxc

;

so the connection has zero torsion if and only if ωa
bc is symmetric in its lower indices. Thus we can ensure that a

Cartan projective connection associated with a given restricted path space is torsion-free by taking ωc
ab = Π c

ab.
One of the achievements of Cartan [3] was to show that although many projective connections give rise to the same

restricted path space, there is a distinguished torsion-free connection which can be specified uniquely by conditions
on its curvature.

Assume that we are given a restricted path space, and a torsion-free Cartan projective connection adapted to it as
just described. We will show how to determine the remaining elements of the Cartan connection by further conditions
on the curvature, so as to fix them uniquely. These conditions will be specified in terms of the standard gauge, but
will be gauge-independent, which is to say that if they hold in one gauge they hold in any; we can then be sure that a
connection which satisfies the conditions and is uniquely determined by them will be globally defined.

By assumption, in standard gauge the gauged connection and curvature forms are given by(
0 ω0

b
dxa Π a

bcdxc

)
and

(
Ω0

0 Ω0
b

0 Ωa
b

)
.

First,

Ω0
0 = −ω0

bcdxb
∧ dxc

where of course ω0
b = ω0

bcdxc; thus if we take ω0
bc to be symmetric we will have Ω0

0 = 0. Note that if the connection
is torsion-free then Ω0

0 is unchanged by a gauge transformation, so this property is gauge-independent for torsion-free
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connections. Then

Ωa
b =

1
2

(
Ra

bcd + δa
cω

0
bd − δa

bω
0
cd

)
dxc

∧ dxd

where Ra
bcd is the curvature ‘tensor’ derived from the Π a

bc. Thus if Ωa
b =

1
2Ωa

bcddxc
∧ dxd , with Ωa

bcd skew in c and
d ,

Ωa
bcd = Ra

bcd + δa
cω

0
bd − δa

dω
0
bc.

We can make Ωa
bcd trace-free (Ω c

bcd = 0) by choosing (m − 1)ω0
bc = −Rbc, in which case

Ωa
bcd = Ra

bcd −
1

m − 1

(
Rbdδ

a
c − Rbcδ

a
d

)
= Pa

bcd ,

the projective curvature tensor. The condition that this tensor be trace-free is gauge-independent.
The conditions that Ω0

0 = 0 and Ω c
bcd = 0 determine ω uniquely. That is to say, given a restricted path space,

there is a unique globally defined torsion-free sl(m + 1)-valued Cartan projective connection form with the paths as
its geodesics, whose curvature satisfies Ω0

0 = 0 and Ω c
bcd = 0. It is called the normal projective connection form, and

in the standard gauge it is given by

ω =

 0 −
1

m − 1
Rbcdxc

dxa Π a
bcdxc

 .
It is easy to verify that

Ω0
b =

1
m − 1

Rb[c|d]dxc
∧ dxd ,

where the brackets in the suffix indicate skew-symmetrization and the solidus ‘covariant differentiation’ with respect
to the fundamental invariant. The curvature of the normal projective connection is therefore

Ω =

0
1

m − 1
Rb[c|d]dxc

∧ dxd

0
1
2

Pa
bcddxc

∧ dxd

 .

5. The Cartan bundle

In this section we will describe a canonical procedure, starting with a manifold M , for constructing a principal
bundle CM → M with structure group Hm+1 ⊂ PGL(m + 1) where m = dim M . This procedure does not require a
connection (of any kind) for the construction of the principal bundle: it just uses geometric properties of the manifold
M . Nevertheless, the bundle constructed in this way has the same transition functions as one built synthetically using
the transformation properties of a Cartan projective connection obtained above. We emphasise that the construction
works whether or not M is orientable, and whether m is even or odd.

In order to construct a principal bundle as the domain for a Cartan projective connection, we will first consider the
problem from Cartan’s point of view: that at each point of M there should be attached a projective space of the same
dimension m. Of course there is already a projective space of dimension m − 1, namely the fibre of the projective
tangent bundle PT M , but this is too small for our purposes. There are, however, projective spaces of dimension
m attached to each point of the volume bundle VM , and so we will describe a mechanism for transferring these
consistently to M . This mechanism initially works on the underlying vector spaces, and so creates a vector bundle
over M whose fibre dimension is m + 1; this is just the bundle WM → M which we introduced earlier, which is the
quotient of the tangent bundle to the volume bundle τVM : T (VM) → VM under the derivative of the action µs . It is
called the Cartan algebroid, for reasons which will be explained shortly.
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5.1. The Cartan algebroid

We start with the tangent bundle to the volume bundle, τVM : T (VM) → VM . Let µs∗ : T (VM) → T (VM) be
the derivative of the action µs on the fibres of ν : VM → M , and letWM be the space of orbits of µ∗; thenWM is a
manifold with coordinates (xa, ua, w) where w = (x0)−1u0, that is, if ξ ∈ T (VM) and [ξ ] is its µ∗-orbit,

w ([ξ ]) =
u0(ξ)

x0(ξ)

(recall that x0 > 0). It is clear that the action µ∗ respects the fibration ν∗ : T (VM) → T M , so that WM is fibred
over M . If ρ, τ are the two projections from WM to T M and M respectively, and if χ satisfies ν∗ = ρ ◦ χ , then we
have the following diagram.

T (VM)

VM

WM

M

T M

M

- -

- -

? ? ?

ν =

χ ρ

ττVM τM

Furthermore, the action µs∗ is linear on the fibres of τVM , so τ : WM → M is a vector bundle, and the projection
χ : T (VM) → WM is linear on the fibres. In fact χ is a fibrewise isomorphism, as is evident from the coordinate
representation

ua
◦ χ = ua, w ◦ χ = (x0)−1u0

of the isomorphism T[±θ ](VM) → Wν[±θ ]M . Two other significant facts about WM are worth mentioning. First,
the fibres of χ : T (VM) → WM are the integral curves of ΥC, the complete lift of Υ to T (VM). Second, we may
identify T (VM) with the pullback ν∗(WM) by the map ξ 7→ (τVM (ξ), χ(ξ)).

We will denote the vector space of vector fields on VM by X(VM), and the subspace of vector fields projectable
to sections of τ : WM → M by XM (VM). The latter is a proper subspace of the space of ‘projectable vector fields’
in the ordinary sense, that is those projectable to vector fields on M : for instance ∂0 projects to a vector field on M
(the zero field) but does not project to a section of τ . In fact XM (VM), although not a module over the ring of all
functions on VM , is a module over the sub-ring of functions constant on the fibres of ν. If X ∈ XM (VM) then X
must satisfy Xµs [±θ ] = µs∗(X[±θ ]), and a local basis for the module is given by {Υ , ∂/∂xa

}. The global condition
for X ∈ XM (VM) is [X,Υ ] = 0, and the Jacobi identity then implies that XM (VM) is a Lie subalgebra of X(VM).
We will denote the image sections of the local basis by {e0, ea} (where of course e0, as the image of Υ , is defined
globally).

It follows from the preceding remarks that the bundle τ : WM → M is a Lie algebroid, with base dimension
m and fibre dimension m + 1. If χ : XM (VM) → sect(τ ) denotes the induced map of sections (so that
χ(X)ν[±θ ] = χ(X[±θ ])) then χ is a module isomorphism, and so may be used to define a Lie bracket on sections
of τ ; the map ρ : WM → T M is the anchor map. In fact τ : WM → M is the Atiyah algebroid of ν : VM → M ,
considered as a principal bundle. This explains why we call this bundle the Cartan algebroid of M . However, it
contains no more information than the canonical tangent bundle algebroid because the global section e0 is in its
centre: [e0, e] = 0 for any section e.

The quotient of the Cartan algebroid by the equivalence relation of non-zero multiplication in the fibres is the
Cartan projective bundle PWM ; this is the projective bundle with m-dimensional fibres that we need.

We have proposed that the construction of the Cartan projective bundle PWM corresponds to Cartan’s notion of
attaching a projective space to each point of the manifold M . To make this correspondence even clearer, we now
point out just how firmly the projective spaces are attached to M by our construction: the Cartan projective bundle is
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actually soldered to M . (If one is given a Cartan projective connection one can use it to define a soldering: but here
we are dealing just with the Cartan projective bundle and make no appeal to the existence of a connection.)

The following definition is taken from Kobayashi [16]. A fibre bundle B → M with standard fibre F is soldered
to M if the following conditions are satisfied:

• dim F = dim M ;
• B admits a cross-section which will be identified with M ;
• let T̃ M be the space of all tangent vectors to Fx (fibre over x ∈ M) for all x ∈ M : then T M is isomorphic to

T̃ M ; more precisely, there is a mapping σ of T M onto T̃ M such that, for each x in M , σ is a non-singular linear
mapping of Tx M onto the space of all tangent vectors to Fx at x .

We now show that PWM is soldered to M according to this definition.
The condition on the dimensions is clearly satisfied. We know that PWM → M admits a global section, namely

[e0]. Notice that the projection ρ : WM → T M maps the section e0 of WM to the zero section of T M , and more
generally that the kernel of ρ (as a vector bundle over M) is just the 1-dimensional sub-bundle ofWM spanned by e0.
Let V0(WM) be the restriction to the section e0 of the vertical sub-bundle of T (WM), and V0(T M) the restriction to
the zero section of the vertical sub-bundle of T T M , which can of course be canonically identified with T M . Then ρ∗

restricts to a linear map of V0(WM) onto V0(T M), which is just ρ in a different guise; its kernel is again spanned by
e0, considered now as a section of V0(WM) via its vertical lift eV

0 . We will show that V0(PWM), the restriction to the
section [e0] of the vertical sub-bundle of T (PWM), is canonically isomorphic to V0(WM)/〈eV

0 〉, the quotient bundle
of V0(WM) by the 1-dimensional sub-bundle spanned by eV

0 . It will follow that V0(PWM) is canonically isomorphic
to V0(T M), and therefore to T M , as required.

This is simply a matter of identifying the tangent space to a projective space in an appropriate way. Let W be a
vector space with distinguished non-zero element e, PW the corresponding projective space with distinguished point
[e], and π : W → PW the projection. Then π∗ : TeW → T[e](PW ) is a surjective linear map whose kernel is the
1-dimensional subspace of TeW which is the tangent space to the ray through e; and TeW is canonically isomorphic
to W , with the tangent space to the ray through e corresponding to the 1-dimensional subspace of W spanned by e
itself. Thus T[e](PW ) is isomorphic to the quotient space W/〈e〉, and the result follows.

It is worth noticing that the soldering isomorphism is canonical only because there is a canonical way of choosing
a representative of the projective point [e0], that is, because WM has a canonical global section e0.

5.2. The Cartan principal bundles

By a frame of a vector bundle we mean an ordered basis of a fibre. We define an equivalence relation on frames
of the Cartan algebroid as follows. Let (ζα) and (ζ̄α) be frames of WM at some point x ∈ M ; we let (ζ̄α) ≡ (ζα) if
there is a non-zero real number λ such that ζ̄α = λζα . The corresponding equivalence class will be denoted by [ζα],
and is a reference (m + 1)-simplex for the m-dimensional projective space PWx M . The bundle containing all these
equivalence classes at all points of M will be denoted by SWM : it is a principal PGL(m + 1)-bundle over M . If the
first element ζ0 of such an equivalence class is a multiple of the global vector section e0 then we will call it a Cartan
simplex. We will let CM ⊂ SWM be the bundle containing all the Cartan simplices, and call it the Cartan bundle: it
is a principal Hm+1-bundle over M , and is a reduction of SWM .

As Cartan says: ‘It is natural to take each point of the manifold to be one of the vertices of the frame attached at
that point’; this corresponds precisely to restricting one’s attention to Cartan simplices, having first identified M with
the global section [e0] of PWM as specified in the definition of soldering.

The Cartan projective bundle PWM is an associated bundle of the principal bundle CM , using the representation
of Hm+1 as a group of automorphisms of the standard fibre Pm .

We will now calculate the transition functions for the Cartan bundle CM relative to local trivializations of the
form [eα], where (eα) is a local frame field for the Cartan algebroid WM which is the image of the local frame
field (Υ , ∂/∂xa) on VM , which in turn is an ordered local basis of the module XM (VM) of vector fields projectable
to WM . In fact if (eα), (êα) are two such local frame fields for WM , corresponding to coordinates (xa), (x̂a) on
overlapping coordinate patches U , Û on M , and we define a GL(m + 1)-valued function G on U ∩ Û by eα = Gβ

α êβ ,
then the transition function for U ∩ Û is just [G], the projection of G into PGL(m + 1).
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We must first find the transformation law for the above local basis of XM (VM) with respect to coordinate
transformations on M . Suppose that (U, xa) and (Û , x̂a) are overlapping coordinate patches on M , and that
(ν−1(U ), xα) and (ν−1(Û ), x̂α) are the corresponding coordinate patches on VM . Then from x̂0

= |J |
−1/(m+1)x0 we

obtain

∂

∂xa = J b
a
∂

∂ x̂b +
∂ x̂0

∂xa

∂

∂ x̂0 = J b
a
∂

∂ x̂b +
1

x̂0

∂ x̂0

∂xa Υ

= J b
a
∂

∂ x̂b −
1

m + 1
∂ log |J |

∂xa Υ .

As we have noted before, Υ is a global vector field and is unchanged by the coordinate transformation. To obtain the
corresponding transformation for the eα we have merely to replace ∂/∂xa by ea and Υ by e0 in these formulae. Thus

G =

1 −
1

m + 1
∂ log |J |

∂xb

0 J a
b

 .
So in fact G takes its values in the affine group A(m) (in its standard representation in GL(m + 1)).

The transition function for CM with respect to local trivializations [eα], [êα], is just the projective equivalence
class of G. We may represent this projective class by a single matrix with determinant 1 for m even, or by a
pair of matrices with determinant ±1 for m odd, as before. Note that det G = J . When m is even we can form
(det G)−1/(m+1)

= J−1/(m+1) whatever the sign of det G, and then (det G)−1/(m+1)G is the unique member of the
projective equivalence class of G whose determinant is 1. When m is odd, on the other hand, we must treat the
cases det G > 0 and det G < 0 differently. In the first case we can form (det G)−1/(m+1)

= J−1/(m+1), and then
(det G)−1/(m+1)G gives the two members of the projective equivalence class of G with determinant 1. In the second
case we can form (−det G)−1/(m+1)

= (−J )−1/(m+1), and then (−det G)−1/(m+1)G gives the two members of the
projective equivalence class of G with determinant −1. These prescriptions can be combined in the single formula

[G] ≡ εJ |J |
−1/(m+1)

1 −
1

m + 1
∂ log |J |

∂xb

0 J a
b

 ,
as before, which shows that the transition functions for CM corresponding to the given local trivializations take their
values in Hm+1 and are exactly the functions obtained from the consideration of Cartan projective connections in
standard gauge in the previous section. We conclude that the principal Hm+1-bundle implicitly defined via Cartan
projective connections is (up to equivalence) CM .

5.3. Further structure of the Cartan bundle

We have just defined the Cartan bundle CM as a principal Hm+1-bundle over M , where Hm+1 is the projective
image of the subgroup of GL(m + 1) consisting of matrices with zeros below the diagonal in the first column. We will
now show that the Cartan bundle has a second principal bundle structure; this new structure will be important when
we come to generalizing the Cartan connection to arbitrary sprays.

In order to motivate the construction we go back to consider the relevant Klein geometry. In the affine case this is
m-dimensional real projective space Pm , represented as a homogeneous space of the projective group PGL(m + 1),
with stabilizer subgroup Hm+1.

We now turn our attention to PT (Pm), the projective tangent bundle of Pm , and show that it too is a homogeneous
space of PGL(m +1). Each point of PT (Pm) consists of a line through the origin in Rm+1 and a 2-plane containing the
line. The group PGL(m + 1) acts transitively on PT (Pm). The stabilizer of the point consisting of the first coordinate
axis and the 2-plane containing the first two coordinate axes is the subgroup Km+1 of PGL(m + 1) which is the image
of the subgroup of GL(m + 1) consisting of matrices with zeros below the main diagonal in the first and second
columns; so we can identify PT (Pm) with PGL(m + 1)/Km+1. It is hardly necessary to point out that Km+1 is a
subgroup of Hm+1; we can identify the coset space Hm+1/Km+1 with Pm−1, the standard fibre of PT (Pm) → Pm .

We now show that CM is a principal Km+1-bundle over PT M .
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By definition CM consists of the Cartan simplices of the Cartan algebroid WM , that is, the simplices with first
element a multiple of the global vector section e0 of τ : WM → M . Let [ζα] be a Cartan simplex of WM at
some point x ∈ M , so that ζ0 is a multiple of (e0)x . Now ζ1 is an element of Wx M independent of (e0)x , and
therefore determines a non-zero element of Tx M under ρ : WM → T M , the anchor map of the Cartan algebroid. By
projectivizing we obtain a unique element of PTx M corresponding to the simplex element [ζ1]. Let ς : CM → PT M
be the map so defined. We show that ς is the projection map of a principal Km+1-bundle structure on CM . We define
a right action of Km+1 on CM as follows. First we consider a transformation of frames (ζα) of the form (ζα) 7→ (ζ̂α)

where

ζ̂0 = k0
0ζ0, ζ̂1 = k1

1ζ1 + k0
1ζ0, ζ̂i = kαi ζα

where k0
0k1

1 det(ki
j ) 6= 0; we then projectivize. The corresponding transformation of simplices defines an element of

Km+1, and [ζ̂α] is a Cartan simplex if [ζα] is. We obtain in this way an action of Km+1 which is clearly an effective
right action. Now ρ(e0) is the zero section of T M , so the orbit of a point of CM under the action of Km+1 is just a
fibre of the projection ς : CM → PT M .

We can define local sections of ς as follows. Given coordinates (xa) on M , and adapted coordinates (xα) on VM ,
we obtain the global section e0 and local sections ea of WM → M as the images of Υ and ∂a respectively. We can
introduce local coordinates on PT M by taking local coordinates (xa) on M and by noting that every equivalence class
of tangent vectors ua∂/∂xa for which u1

6= 0 has a unique representative of the form

∂

∂x1 + yi ∂

∂x i ;

then (xa, yi ) are local coordinates on PT M . We are effectively using affine (jet-bundle-like) coordinates on PT M , in
which we identify an open subset of the fibre of PT M with an affine submanifold (a hyperplane) of the corresponding
fibre of T M , by (yi ) 7→ (1, yi ). In terms of such coordinates we set

ζ0 = e0, ζ1 = e1 + yi ei , ζi = ei ;

then [ζα] is a local section of ς . Thus ς : CM → PT M is a principal Km+1-bundle. We call CM with this bundle
structure the projective Cartan bundle.

We showed earlier that the transition function for the Cartan bundle CM relative to local trivializations (over M)
of the form [eα], [êα] is given by projectivizing the GL(m + 1)-valued function G where

G =

1 −
1

m + 1
∂ log |J |

∂xb

0 J a
b

 .
Now ζα = Y βα eβ where Y βα are the components of the locally defined (m + 1)× (m + 1)-matrix-valued function

Y =


1 0 0 · · · 0
0 1 0 · · · 0
0 y2 1 · · · 0
...

...
...

...

0 ym 0 · · · 1

 .

Then the transition function for CM relative to local trivializations [ζα], [ζ̂α] (over PT M) of the form given above is
the projection into PGL(m + 1) of Ŷ −1GY . It follows from this argument that Ŷ −1GY takes its values in Km+1, a fact
which is not self-evident, though it can be confirmed by explicit calculation without much difficulty.

We will now give an interpretion of this construction in the light of Cartan’s approach.
Cartan’s study of projective connections [3] covers both the affine and the general cases, although he describes the

latter explicitly only when m = 2. In the affine case, he envisages a projective space attached to each point of the
manifold. Our interpretation of this is that, for each point x ∈ M , we should study the m-dimensional projective space
PWx M ; this space has a distinguished point [(e0)x ], the point at which the space is ‘attached’ to M . The geodesics of
the connection are the curves in M whose developments into these projective spaces are straight lines.
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In the more general case, we can no longer describe the developments of curves into a single projective space at
each point. Instead, we have to use a family of projective spaces at each point, with the family parametrized by the
set of rays (1-dimensional subspaces of the tangent space) at that point: the projective spaces will therefore need, not
just a distinguished point, but also a distinguished ray through that point. This is consistent with Cartan’s view in [3],
where he takes as a base manifold not M itself, but instead the ‘manifold of elements’, where an ‘element’ is a ray at
a point.

This suggests that we should consider the pull-back bundle τ ◦∗

M (τ ) : τ ◦∗

M (WM) → T ◦M . The canonical global
section e0 : M → WM gives rise to a global section of this pull-back bundle which we will continue to denote by
e0. There is now, however, a distinguished 1-dimensional affine sub-bundle TM ⊂ τ ◦∗

M (WM), defined by specifying
that (v, ζ ) ∈ TM whenever ρ(ζ ) = v: here we consider the pull-back as a fibre product τ ◦∗

M (WM) = T ◦M ×M WM .
Any section of TM → T ◦M maps, under ρ, to the total derivative section T of τ ◦∗

M (T M) → T ◦M , and any two such
sections differ by a multiple of e0.

We now projectivize this construction, both in the fibre and in the base, to give the pull-back bundle π∗

M (π) :

π∗

M (PWM) → PT M where πM : PT M → M and π : PWM → M are the projective tangent bundle and projective
Cartan algebroid respectively. This new bundle also has a global section which we continue to denote by [e0]; thus
each projective fibre of π∗

M (PWM) has a distinguished point, the image of this global section. But now each fibre
also has a distinguished line containing that point: we define PTM ⊂ π∗

M (PWM) by specifying that ([v], [ζ ]) ∈ PTM
if either [ρ(ζ )] = [v], or else ρ(ζ ) = 0 (so that, in the latter case, [ζ ] = [e0]x , and then ([v], [ζ ]) is the distinguished
point in the fibre at [v]). Another way of constructing PTM would be to take the 2-dimensional linear hull of the affine
sub-bundle TM , giving a projective line in each fibre of τ ◦∗

M (PWM) → T ◦M ; these lines then map consistently to
lines in the fibres of π∗

M (PWM) → PT M .
We construct the pull-back bundle π∗

M (SWM) → PT M in the same way: this is, of course, a principal PGL(m+1)-
bundle. Then the projective Cartan bundle ς : CM → PT M is the sub-bundle of π∗

M (SWM) → PT M containing
pairs ([v], [ζα]) where [ζ0] is the distinguished point and [ζ1] is some other element of the distinguished line, so that
[ζ0] = [e0]x and [ρ(ζ1)] = [v] (here, of course, ζ0 and ζ1 must be linearly independent, so the case ρ(ζ1) = 0 does
not arise).

6. The normal Cartan connection for a projective equivalence class of sprays

We show how to construct a normal Cartan connection associated with the projective equivalence class of an
arbitrary (not necessarily affine) spray. This will be a Cartan geometry on the projective tangent bundle PT M of an
m-dimensional manifold M , modelled on PT (Pm) = PGL(m + 1)/Km+1.

6.1. Construction of the connection

In any coordinate neighbourhood on M , and the corresponding neighbourhood on T ◦M , we have the sl(m + 1)-
valued 1-form

ω̃ =

 0 −
1

m − 1
Rbcdxc

dxa Π a
bcdxc

 ,
defined in terms of quantities determined by the projective equivalence class of sprays. Thus ω̃ is formally identical to
the normal Cartan connection form in the affine case, though of course it is defined on T ◦M , not M . The coefficients
Π a

bc and Rbc are local functions on T ◦M which are homogeneous of degree 0. We may therefore think of ω̃ as defined
locally on PT M . The transformation rule for such 1-forms under a coordinate transformation on M is exactly the
same as that for the affine case, namely

ω̃ = h−1 ˆ̃ωh + h−1dh where h = εJ |J |
−1/(m+1)

1 −
1

m + 1
∂ log |J |

∂xb

0 J a
b

 .
We now adapt these 1-forms more closely to the underlying manifold PT M by introducing affine coordinates yi on
the fibres, i = 2, 3, . . . ,m, and carrying out a gauge-type transformation with the matrix Y introduced in the last
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section; that is, we set

ω = Y −1ω̃Y + Y −1dY where Y =


1 0 0 · · · 0
0 1 0 · · · 0
0 y2 1 · · · 0
...

...
...

...

0 ym 0 · · · 1

 .
It follows from the transitivity property of gauge transformations that the effect of a coordinate transformation is to
transform ω̂ to ω = k−1ω̂k + k−1dk with k = Ŷ −1hY . But this is a transition function for the projective Cartan
bundle. Thus the collection of local sl(m + 1)-valued 1-forms ω determines a global sl(m + 1)-valued 1-form on the
projective Cartan bundle, of which each local 1-form is a representative in an appropriate gauge.

To show that this global sl(m + 1)-valued 1-form is the connection form of a Cartan connection we have to show
that each local 1-form ω is non-singular as a linear map Tp(PT M) → sl(m + 1)/km+1 (where km+1 is the Lie algebra
of Km+1, the group of the principal bundle CM → PT M). To do so we merely have to give the explicit formula for
ω, which is easily found to be

0 −
1

m − 1
(R1a + yiRia)dxa

−
1

m − 1
Riadxa

dx1 (Π 1
1a + ykΠ 1

ka)dxa Π 1
jadxa

dx i
− yi dx1 dyi

+ (Π i
1a − yiΠ 1

1a + ykΠ i
ka − yi ykΠ 1

ka)dxa (Π i
ja − yiΠ 1

ja)dxa

 ;

the crucial point is that the 1-forms in the positions below the diagonal in the first and second columns constitute a
local basis for 1-forms on PT M .

6.2. Some properties of the connection

We have constructed a Cartan connection on the projective Cartan bundle, associated with a projective equivalence
class of sprays. By analogy with the affine case we call it the normal Cartan connection of the projective equivalence
class. We will next establish some properties of the normal Cartan connection.

One might expect for a Cartan geometry on PT M modelled on PT (Pm) that the projective tangent bundle structures
should be compatible. Such an expectation is made explicit in the second part of Cartan’s paper [3], for the case m = 2.
We will now show that the structures are compatible for the geometry we have just constructed.

First, note that any curve in M has a natural lift to PT M obtained by adjoining, to each point on it, its tangent
line at that point. The compatibility conditions are that the development into PT (Pm) of a vertical curve in PT M is
vertical, and the development into PT (Pm) of a lifted curve in PT M is a lifted curve. A curve in PT M is vertical if its
tangent vector is annihilated by the dxa , and a curve in PT M is a natural lift if its tangent vector is annihilated by the
so-called contact forms θ i

= dx i
− yi dx1. It is easy to see that

(ξa, ηi ) 7→

 1 0 0
ξ1 1 0
ξ i ηi δi

j


is a local section of PGL(m + 1) → PT (Pm), and that the corresponding gauged Maurer–Cartan form is 0 0 0

dξ1 0 0
dξ i

− ηi dξ1 dηi 0

 .
Let us write the connection form of the normal Cartan connection as

ω =

ω
0
0 ω0

1 ω0
j

ω1
0 ω1

1 ω1
j

ωi
0 ωi

1 ωi
j
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for convenience. The equations for the development of a curve σ in PT M into PT (Pm) give

aξ̇1
− bi (ξ̇

i
− ηi ξ̇1) = 〈σ̇ , ω1

0〉, ci
j (ξ̇

j
− η j ξ̇1) = 〈σ̇ , ωi

0〉

for some functions a(t), bi (t), ci
j (t). The compatibility conditions therefore require that if σ is vertical 〈σ̇ , ω1

0〉 =

〈σ̇ , ωi
0〉 = 0, while if σ is a lift 〈σ̇ , ωi

0〉 = 0. It is clear from the explicit expressions for ω1
0 and ωi

0 that these
conditions hold.

A geodesic of the connection is a curve whose development satisfies ξ̇ i
− ηi ξ̇1

= 0 and η̇i
= 0; that is, a geodesic

is a curve whose tangents are annihilated by both ωi
0 = θ i and ωi

1. Now

ωi
1 = dyi

+ (Π i
1a − yiΠ 1

1a + y jΠ i
ja − yi y jΠ 1

ja)dxa

= dyi
+ (Π i

11 − yiΠ 1
11 + y jΠ i

j1 − yi y jΠ 1
j1)dx1

+ (Π i
1 j − yiΠ 1

1 j + ykΠ i
k j − yi ykΠ 1

k j )dx j

= dyi
+ (Π i

11 + 2y jΠ i
1 j + y j ykΠ i

jk − yi (Π 1
11 + 2y jΠ 1

1 j + y j ykΠ 1
jk))dx1(mod θ l).

But it follows from the formulae obtained earlier giving the Π a
bc in terms of the f i for a system of second-order

differential equations that

Π i
11 + 2y jΠ i

1 j + y j ykΠ i
jk − yi (Π 1

11 + 2y jΠ 1
1 j + y j ykΠ 1

jk) = − f i
;

thus a geodesic is a solution of the system of m − 1 second-order differential equations

d2x i

d(x1)2
= f i

(
xa,

dx j

dx1

)
,

or in other words that it is a path of the projective class of sprays, parametrized by the coordinate x1. That is, the
geodesics of the Cartan connection are the paths of the projective class of sprays.

We now consider the curvature of the connection. It may most easily be calculated as follows. Recall that
ω = Y −1ω̃Y + Y −1dY where

ω̃ =

 0 −
1

m − 1
Rbcdxc

dxa Π a
bcdxc

 .
It follows that the curvature Ω of ω is Y −1Ω̃Y where Ω̃ is the curvature of ω̃, which is an sl(m + 1)-valued 2-form on
PT M , which it is easy to show is given (as a 0-homogeneous 2-form on T ◦M) by

Ω̃ =

0 −
1

m − 1

(
Rb[c|d]dxc

∧ dxd
+ Rbd,cϕ

c
∧ dxd

)
0

1
2

Pa
bcddxc

∧ dxd
+ Da

bcdϕ
c
∧ dxd

 .
It can be shown, with some effort, that the curvature Ω has the following properties:

• Ωα
0 = 0;

• Ω0
1 is semi-basic;

• Ω i
1 is semi-basic;

• if we set Ω i
j = K i

jkldyk
∧ θ l mod(dxa

∧ dxb) then K k
ki j = 0 and K k

i jk = 0;

• if we set Ω i
1 = L i

j dx1
∧ θ j mod(θk

∧ θ l) then Lk
k = 0;

and that these characterize the normal Cartan connection amongst all possible Cartan connections on PT M where
the projective structures are compatible and the geodesics are the paths of a given projective class of sprays, or the
solutions of a corresponding system of second-order differential equations; see [8]. Then K i

jkl and L i
j are the quantities

defined earlier. (There is also a more general approach, using the techniques of parabolic geometry as described in [2]
and, more specifically, in [9], which gives different conditions on the curvature Ω but results in the same normal
connection form; we shall not consider this alternative here.)
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Now the normal connection is not necessarily torsion-free. For it to be so we must have Ω i
1 = 0. A necessary

condition for this to hold is that L i
j = 0. We show that it is also sufficient. We know that if L i

j = 0 then Pa
bcd = 0.

Now Ω i
1 depends only on the components Ω̃a

b , and does so linearly; moreover Ω i
1 is semi-basic. It follows that if

Pa
bcd = 0 then Ω i

1 = 0. Thus Ω i
1 = 0 if and only if L i

j = 0, and the normal connection is torsion-free if and only if the
sprays of the corresponding projective equivalence class are isotropic. This is the case discussed by Grossman [13].

6.3. What happens when the spray is projectively affine

If the second-order differential equation field is projectively equivalent to an affine spray, the connection ω should
reduce to a connection on M gauge equivalent to the normal projective connection associated with the affine spray.
But what could one mean by ‘reduce’? We can obtain a connection on M by pulling ω back by any local section of
PT M → M . Of course, different sections will give different reduced connections; the requirement is that the different
reduced connections should all be gauge equivalent, with the gauge transformation being taken from the gauge group
appropriate to the affine case, namely Hm+1; we call such a gauge transformation a gauge transformation of the first
kind. This will be the case if, for every transformation ψ of PT M fibred over the identity, ψ∗ω is a gauge transform
of ω by a gauge transformation of the first kind. An equivalent condition is that for any vector field V vertical with
respect to the projection PT M → M , LVω should be infinitesimally gauge equivalent to ω by a gauge transformation
of the first kind. That is to say, there should be a function H taking its values in hm+1, the Lie algebra of Hm+1, such
that LVω = [ω, H ]+ dH (the equation obtained by differentiating the gauge transformation equation at the identity).
Now

LVω = V y dω + d〈V, ω〉 = V yΩ + [ω, 〈V, ω〉] + d〈, ω〉,

and 〈V, ω〉 takes its values in hm+1. So if V yΩ = 0 then ω satisfies the requisite condition with H = 〈V, ω〉.
Now Y , given earlier, does define a gauge transformation of the first kind, and so the argument above applies

equally as well to ω̃ as to ω. Thus the condition for the connection to reduce to M can equivalently be expressed as
V y Ω̃ = 0. On the face of it, this amounts to two conditions, namely Da

bcd = 0 and ∂Rbd/∂uc
= 0. The first of these,

the vanishing of the Douglas tensor, is just the necessary and sufficient condition for the second-order differential
equation field to be projectively equivalent to an affine spray. But then Π a

bc is independent of ud , and therefore Rbd is
independent of uc.

We have shown that a necessary and sufficient condition for the second-order differential equation field associated
with the normal Cartan connection to be projectively equivalent to an affine spray is that the curvature satisfies V yΩ =

for all vector fields V on PT M vertical over M ; and that this latter condition is necessary and sufficient for the
connection to be reducible to a projective connection of affine type. When the condition V yΩ = 0 holds we may
choose any local section of PT M over M to obtain the reduced connection form. The obvious choice is yi

= 0, and
with this choice the reduced connection is the normal Cartan connection associated with the affine spray in standard
form.

7. Projective connections

We now show how the theory of projective connections of Berwald, Thomas and Whitehead fits in with the theory
of Cartan, by showing how to construct the normal Cartan connection form of a projective equivalence class of sprays
from the BTW-connection, at the global level. There is an analogous, but somewhat simpler, construction in the affine
case, the details of which can be found in [7].

7.1. The construction in general

We therefore start with the BTW-connection on the volume bundle, and we will show how to construct from it the
normal Cartan connection as a global Cartan connection form on the projective Cartan bundle ς : CM → PT M . The
first step of the process can be described in quite general terms.

Consider a manifoldN with reversible spray S and corresponding Berwald connection ∇, such that there is defined
on N a nowhere-vanishing complete vector field Xsuch that
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• N is fibred over an m-dimensional manifold M where the fibres are the integral curves of X ;
• the complete lift XC of X to T ◦N satisfies LXC S = 0;
• the vertical lift XV of X to T ◦N satisfies LXV S = XC

− 2∆.

The Lie derivative conditions are modelled on the first two conditions for a BTW-spray, of course.
Let ξ : N → M be the projection. Note that the vector fields XC and XV define an integrable distribution on TN

whose leaves are the fibres of the projection ξ∗ : TN → TM. The inverse image of the zero section of TM under
ξ∗, ξ−1

∗ (0), is the 1-dimensional vector sub-bundle of TN spanned by X (considered as a section of τN : TN → N ).
Denote by T XN the complement of ξ−1

∗ (0) in TN ; it is an open submanifold of TN , fibred over N , contained in
T ◦N . We denote by τ X

N : T XN → N the restriction of τN to T XN .
We denote by φt the 1-parameter group on N whose infinitesimal generator is X .
Let FN be the frame bundle ofN , τ ∗

N (FN ) its pullback over TN . We define a group structure on R2
× R◦ × R◦,

where R◦ is the multiplicative group of non-zero reals, by (q, r, s, t) · (q ′, r ′, s′, t ′) = (q + q ′, rs′
+ r ′, ss′, t t ′). This

group acts on τ ∗

N (FN ) to the right by

ψ(q,r,s,t) : (x, u, {eα}) 7→ (φq x, φq∗(su + r Xx ), {tφq∗eα}).

Note that this action is fibred over the action ψ̄ of R2
× R◦ on TN given by

ψ̄(q,r,s) : (x, u) 7→ (φq x, φq∗(su + r Xx )).

This action leaves T XN invariant, and the quotient of T XN by it is PTM. Furthermore, the ψ action commutes
with the right action of GL(m + 1) on τ ∗

N (FN ), and leaves τ X∗

N (FN ) invariant. Let Sψ (PTM) be the quotient
of τ X∗(FN ) under the ψ action; it is a principal fibre bundle over PTM with group PGL(m + 1), and for any
a ∈ GL(m + 1), π X

◦ Ra = Ro(a) ◦ π X where π X
: τ X∗

N (FN ) → Sψ (PTM) and o : GL(m + 1) → PGL(m + 1)
are the projections.

Introduce local coordinates (xα, uα, xαβ ) on τ ∗

N (FN ), where for a frame {eα}, eα = xβα ∂β . The infinitesimal
generator of the 1-parameter group ψ(q,0,1,1) on τ ∗

N (FN ) is the vector field Ψ where

Ψ = Xα
∂

∂xα
+ uβ

∂Xα

∂xβ
∂

∂uα
+ xγβ

∂Xα

∂xγ
∂

∂xαβ
.

The generator of ψ(0,r,1,1) is

Ξ = Xα
∂

∂uα
,

while that of ψ(0,0,es ,1) is

∆̃ = uα
∂

∂uα
;

Ξ is formally identical to XV, and ∆̃ to ∆, but both are vector fields on τ ∗

N (FN ). The generator of ψ(0,0,1,et ) is the
vertical vector field on the GL(m + 1)-bundle τ ∗

N (FN ) corresponding to the identity matrix I ∈ gl(m + 1), that is

I Ď = xαβ
∂

∂xαβ
.

The pairwise brackets of the vector fields Ψ , Ξ , ∆̃ and I Ď all vanish except that [Ξ , ∆̃] = Ξ . These vector fields,
when restricted to τ X∗

N (FN ), are linearly independent, and span an integrable distribution D there whose leaves are
just the orbits of the ψ(q,r,es ,et ) action. The distribution is invariant under ψ(0,0,±1,±1). The leaves of D, quotiented by
the action of ψ(0,0,±1,±1), are the fibres of the projection π X

: τ ∗X
N (FN ) → Sψ (PTM).

With respect to the Berwald connection ∇, any curve σ in T ◦N has a horizontal lift σH to τ ◦∗

N (FN ) starting at
a given frame {eα} at σ(0), defined as follows: σH(t) is the frame at σ(t) obtained by parallelly transporting {eα} to
σ(t) along σ ; a frame field {Eα} along σ is parallel if ∇σ̇ Eα = 0. Thus any vector field Z on T ◦N has a horizontal
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lift ZH to τ ◦∗

N (FN ); in particular the horizontal lift (XC)H of XC is given by

(XC)H = Xα
∂

∂xα
+ uβ

∂Xa

∂xβ
∂

∂uα
− xγβΓ α

γ δX δ
∂

∂xαβ
,

where of course

if S = uα
∂

∂xα
− 2Γ α ∂

∂uα
then Γ α

βγ =
∂2Γ α

∂uβ∂uγ
.

Thus

Ψ − (XC)H = xγβ

(
∂Xα

∂xγ
+ Γ α

γ δX δ
)

∂

∂xαβ
.

Now for any vector field X onN and Berwald connection ∇, the condition that LXV S = XC
− 2∆, in coordinates, is

∂Xα

∂xβ
+ Γ α

βγ Xγ = δαβ ;

so this condition is equivalent to

Ψ − (XC)H = I Ď.

We denote by ω the connection form on τ ◦∗

N (FN ) corresponding to ∇; in terms of local coordinates the matrix
components of ω are given by

ωαβ = x̄αγ Γ
γ
δεxδβdxε + x̄αγ dxγβ

where the matrix (x̄αβ ) is the inverse of the matrix (xαβ ). A straightforward calculation shows that the condition

LXC S = 0 entails that LΨω
α
β = 0 (it would be natural therefore to say that XC is an infinitesimal affine transformation

of the Berwald connection). It is also the case that LΞω
α
b = 0: we have

LΞω
α
β = x̄αγ

(
Xλ
∂Γ γ

δε

∂uλ

)
xδεdxε,

and it follows from the coordinate form of the condition Ψ − (XC)H = I Ď above, on differentiating with respect to
uλ, that the coefficient vanishes. Furthermore, L∆̃ω = 0 by homogeneity, and LI Ďω = [I, ω] = 0.

We now restrict to τ X∗

N (FN ). We can write any vector field in D in the form Z = f Ψ + gΞ + h∆̃ + k I Ď, so that

LZω = ( f LΨ + gLΞ + hL∆̃ + kLI Ď)ω + 〈Ψ , ω〉d f + 〈Ξ , ω〉dg + 〈∆̃, ω〉dh + 〈I Ď, ω〉dk.

But 〈Ξ , ω〉 = 〈∆̃, ω〉 = 0, while 〈Ψ , ω〉 = 〈I Ď, ω〉 = I . It follows that LZω = I (d f + dk), that is, for any Z ∈ D,
LZω is a multiple of the identity element of gl(m + 1). Finally, ω is invariant under ψ(0,0,±1,1) because S is reversible
by assumption, and under ψ(0,0,1,±1) by inspection.

We can therefore define an sl(m + 1)-valued 1-form ω̂ on Sψ (PTM) as follows: for Q ∈ Sψ (PTM), w ∈

TQSψ (PTM),

〈w, ω̂Q〉 = 〈v, o∗ωP 〉

for any P ∈ τ X∗

N (FN ) such that π X (P) = Q, and any v ∈ TP (τ
X∗

N (FN )) such that π X
∗ v = w, where

o∗ : gl(m + 1) → sl(m + 1) is the homomorphism of Lie algebras induced by o : GL(m + 1) → PGL(m + 1); ω̂
is well-defined because o∗ωP (v) is unchanged by a change of choices of P and v satisfying the same conditions. We
have π X∗ω̂ = o∗ω, and so for any a ∈ GL(m + 1),

π X∗(R∗

o(a)ω̂) = R∗
a(π

X∗ω̂) = R∗
a(o∗ω)

= o∗(R
∗
aω) = o∗(ad(a−1)ω) = ad(o(a)−1)o∗ω

= π X∗(ad(o(a)−1)ω̂),
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and so since π X is surjective, R∗

o(a)ω̂ = ad(o(a)−1)ω̂. Moreover, for any A ∈ gl(m + 1) we have π X
∗ AĎ

= (o∗ A)Ď,
and therefore

ω̂(o∗(A)
Ď) = (π X

∗ ω̂)(A
Ď) = o∗ω(A

Ď) = o∗ A.

Thus ω̂ is the connection form of an Ehresmann connection on the principal PGL(m + 1)-bundle Sψ (PTM).
We now turn to a further consequence of the condition LXV S = XC

−2∆. We can regard X , which is a vector field
on N , as a section of τ ◦∗

N TN , and therefore calculate its Berwald covariant differential: using the coordinate form of
this condition we find that

∇ X = dxα ⊗
∂

∂xα
.

We also have for the total derivative T = uα∂/∂xα

∇T = ϕα ⊗
∂

∂xα

where as we explained in Section 2, ϕα is the 1-form duα + Γ α
β dxβ , so that {dxα, ϕα} is the local basis of 1-forms

on T ◦N dual to the local basis {Hα, Vα} of vector fields associated with the Berwald connection. With an eye to the
description of the structure of CM → PT M given in the previous section, we seek those vector fields η on T ◦N
with the properties that ∇η( f X) = 0 for some non-vanishing function f , and ∇η(gT + h X) = 0 for some functions
g and h with g non-vanishing; or equivalently, with the properties that ∇ηX is a multiple of X , and ∇ηT is a linear
combination of X and T. Such η must satisfy 〈η, dxα〉 = λXα and 〈η, ϕα〉 = µXα + νuα . It follows that η must be a
linear combination of XC, XV and ∆.

Note that X and T are linearly independent over T XN . Let us denote by FXN ⊂ τ X∗

N (FN ) the sub-bundle
consisting of those frames whose first member is a multiple of X and whose second member is a linear combination
of T and X . Then at any point P ∈ FXN , we have HP ∩ TP (FXN ) = 〈(XC)

H
P , (X

V)
H
P ,∆

H
P 〉, that is, the

horizontal subspace at P (the kernel of ωP ) intersects the tangent space to FXN at P in the 3-dimensional subspace
spanned by the horizontal lifts of XC, XV and ∆ to P . But (XV)H = Ξ , ∆H

= ∆̃, and (XC)H = Ψ − I Ď.
Thus kerωP ∩ TP (FXN ) ⊂ DP ; so when we pass to the quotient, at any point Q ∈ π X (FXN ) we have
ker ω̂Q ∩ TQ(π

X (FXN )) = {0}.
We can apply the above results with N = VM , X = Υ , S the BTW-spray of a projective equivalence class of

sprays. The manifold M is just M , and Sψ (PTM) is π∗

M (SWM), a principal PGL(m + 1)-bundle over PT M . Then
ω̂ is an Ehresmann connection form on π∗

M (SWM) → PT M . Now the projective Cartan bundle CM → PT M is a
sub-bundle of π∗

M (SWM) → PT M . This sub-bundle has codimension 2m − 1 = dim(PT M), and so the restriction
ω of ω̂ to CM will define a Cartan connection if the intersection (in T (π∗

M (SWM))) of ker ω̂ and TCM contains only
zero vectors ([23], Proposition A.3.1; [18]). But CM is the image in π∗

M (SWM) of the sub-bundle of τΥ∗

VMF(VM)
consisting of those frames with first element a multiple of Υ and second a linear combination of Υ and T, so this
follows from the results of the previous paragraph.

7.2. The connection forms

The Ehresmann connection form ω̃ of the BTW-connection in the coordinate gauge (∂α) is given by

ω̃(∂α) =

 0 −
1

m − 1
x0Rbcdxc

(x0)−1dxa Π a
bcdxc

+ δa
b (x

0)−1dx0

 ;

this is formally the same as in the affine case, but it must be borne in mind that ω̃(∂α) is a local matrix-valued 1-form
on T ◦M rather than on M ; it is semi-basic over T ◦M → M . We first change the gauge to (Υ , ∂a); we obtain

ω̃(Υ ,∂a) =

(x0)−1dx0
−

1
m − 1

Rbcdxc

dxa Π a
bcdxc

+ δa
b (x

0)−1dx0
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= ((x0)−1dx0)I +

 0 −
1

m − 1
Rbcdxc

dxa Π a
bcdxc

 .
The Ehresmann connection ω̂ on the simplex bundle π∗

M (SWM), in the gauge [eα], is therefore

ω̂[eα] =

 0 −
1

m − 1
Rbcdxc

dxa Π a
bcdxc

 .
To obtain the Cartan connection form we need to change the gauge to [ζα] where

ζ0 = e0, ζ1 = e1 + yi ei , ζi = ei ;

the result is
0 −

1
m − 1

(R1a + yiRia)dxa
−

1
m − 1

Riadxa

dx1 (Π 1
1a + ykΠ 1

ka)dxa Π 1
jadxa

dx i
− yi dx1 dyi

+ (Π i
1a − yiΠ 1

1a + ykΠ i
ka − yi ykΠ 1

ka)dxa (Π i
ja − yiΠ 1

ja)dxa

 ,
as given earlier.

7.3. The general construction in the affine case

Finally, we review the result of Section 6.3 – what happens when the spray is affine – from the present point of view.
We have in any case a global Cartan connection form ω on the manifold CM , which satisfies the defining conditions

1. the map ωp : TpCM → sl(m + 1) is an isomorphism for each p ∈ CM ;
2. R∗

kω = ad(k−1)ω for each k ∈ Km+1; and
3. ω(AĎ) = A for each A ∈ km+1, where km+1 is the Lie algebra of Km+1 and where AĎ is the fundamental vector

field corresponding to A.

A Cartan projective connection form in the affine case is a form $ on the same manifold, satisfying the same
conditions but with Hm+1 replacing Km+1, and with condition (3) being replaced, explicitly, by

3a. $(AĚ) = A for each A ∈ hm+1, where hm+1 is the Lie algebra of Hm+1 and where AĚ is the fundamental vector
field corresponding to A.

Now ω is the restriction to CM of the Ehresmann connection form ω̂ on π∗

M (SWM); and ω̂, being an sl(m + 1)-
valued connection form, satisfies ω̂(AĎ) = A for all A ∈ sl(m + 1), and in particular for all A ∈ Hm+1. The
submanifold CM ⊂ π∗

M (SWM) is not invariant under the action of Hm+1 on π∗

M (SWM), and so the restriction of the
fundamental vector field AĎ to CM is not tangent to CM and, in particular, is not the same as AĚ. It is, however, easy
to check that

ω̂(AĎ) = ω(AĚ)

at all points of CM for any connection form ω arising in this way: thus, in order for ω to be of affine type, it is enough
for the condition that R∗

hω = ad(h−1)ω for each h ∈ Hm+1 to be satisfied. The differential version of this condition
is that LAĚω = [ω, A] for all A ∈ Hm+1; if we express this in terms of the curvature Ω of ω it becomes AĚyΩ = 0,
so this is the necessary and sufficient condition for ω to be of affine type. Since hm+1/km+1 parametrizes the vertical
subspaces of PT M → M at each point, and since necessarily AĚyΩ = 0 for A ∈ Km+1, this condition can be seen to
be essentially equivalent to the local one found in Section 6.3.
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